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Abstract

Most literatures on estimation of vaccine efficacy assume random mixing throughout
the population. In practice population is somehow stratified into different groups or
obviously into households. In such stratified population within group mixing is usually
be higher than between groups and thus overall mixing is non-random. The present
project aims to estimate vaccine efficacy in a population partitioned into households for
a particular outbreak of acute, directly transmitted infectious disease.

Following Smith et al. (1984) and then Haber et al. (1991a) we define two models for
vaccine efficacy in terms of transmission rates that can be estimated from final attack
rates. Model 1, called leaky vaccine model, assumes that everyone is equally affected
by the vaccine while Model 2 , called all-or-nothing vaccine model, assumes that some
are completely protected while others have no protection. Again, following Halloran et
al. (1992) we also define a general model , called summary vaccine model, in terms of
transmission rates for such stratified population on the basis of heterogeneity of vaccine
action across the vaccinated strata. For all models mentioned above we describe esti-
mation procedures of transmission rates from usual attack rate data is given through a
deterministic epidemic approach proposed by Haber et al. (1991a). When vaccinated
strata are not identifiable, a bound is derived for summary vaccine efficacy parameter
where estimates of vaccine efficacy defined by Model 2 and Model 1 represent lower and
upper bound respectively. We also discussed estimation of fraction of population has
to be vaccinated to stop epidemic. An application of all vaccine models is provided by
simulation study as well as numerical analysis.
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Chapter 1

Introduction to measures of vaccine

efficacy

1.1 Introduction

Prevention for the control of infectious diseases through vaccination is the key to public
health. Thus, for designing and implementing vaccination programs, it is important to
have consistent estimates of vaccine efficacy (Davis, et al. 2006; Orenstein, et al. 1988).
Estimation of vaccine efficacy has received much more attention in the literatures. But es-
timation procedures in such literatures are different based on assumptions they used and
thus those estimates have different interpretations. Literatures showed that measures of
vaccine efficacy depends on several assumptions including demographic characteristics of
population, population mixing pattern, nature of the disease, length of infectious period,
vaccine response, vaccination coverage, community structure, approach of formulation of
epidemic models are applied etc. Most of the literatures mainly discussed the estimation
of vaccine efficacy in a homogeneous and randomly mixing population. Estimation of
vaccine efficacy based on these assumptions has received much more attention in those

literatures (Smith et al. 1984; Orenstein et al. 1985; Halloran et al. 1991; Haber et al.



1991a; Haber et al. 1991b; Haber et al. 1995; Halloran et al. 1996; Davis et al. 2006;

Longini et al. 1996; Longini et al. 1999; Becker et al. 2002).

Now let us consider an example of epidemic in a general population resided in a large
community. It is more practical that population of the community may be partitioned
into either several groups or households of different sizes. Thus, it can be assumed that
there is a homogeneous mixing within each household and also a homogeneous mixing
between the households, but allow for higher frequencies of contacts within household
than between households. So, the overall mixing pattern is non-homogeneous. Esti-
mation of vaccine efficacy in the population of such type of community divided into
households is often ignored in the literatures. Becker and Utev (1997) estimated immu-
nity coverage in a large community, which may be effective in controlling the disease
transmission, considering more complex community structures that include households
and localities. Haber et al. (1991b) estimated vaccine efficacy in a stratified population,
where population was classified into households and then neighborhoods. They provided
estimation of vaccine efficacy from simulation study considering all households of equal
size and thus transmission rate in all households was also considered equal. They assumed
greater transmission rate within households or neighborhoods than between households
or neighborhoods. Haber et al. (1995) again estimated vaccine efficacy in a non-randomly
mixing population where they considered only two strata with equal size. However, a
few studies on epidemic modeling in a population stratified into households showed that
mixing distribution between households depends on size of households (Watson 1972;

Billard 1976).

Morover, modelling epidemics in a population partitioned into households have a long
history, including the classical Greenwood and Reed-Frost (see Bailey 1975). Most re-
cently in much more literatures, different epidemic models either stochastic or determin-

istic have been formulated for such stratified population considering higher infection rate



within group than between groups (Watson 1972; Daley and Gani 1994; Daley and Gani
1999; Ball et al. 1997; Ball 1999; Ball et al. 2001). They also discussed on vaccination

strategy and estimation of fraction of population to be vaccinated to control epidemic.

With this contextual background, the present project aims to estimate vaccine efficacy
in such type of population partitioned into households and also discuss estimation of
fraction of population need to be vaccinated to control epidemic. An application of such

methods will be provided by simulation study as well as numerical analysis.

1.2 The conceptual framework on measures of vac-

cine efficacy

1.2.1 General concept of measures of vaccine efficacy

The conceptual framework of vaccine efficacy has been discussed in literatures. The first
concept of vaccine efficacy was introduced by Greenwood and Yule (1915) which is mea-
sured by VE=1— AR,/AR,, where AR, and AR, are the observed attack rates among
vaccinated peoples and non-vaccinated peoples, respectively. The measure of vaccine
efficacy has typically focused on relative reduction in susceptibility to infection of vac-
cinated compared to unvaccinated or relative reduction in infectiousness of a vaccinated
person who became infected (Longini et al. 1996, Davis and Haber 2006). The suscep-
tibility of an uninfected person is defined as the probability that the infectious agent is
transmitted to that person via a contact with an infected person, while the infectiousness
defined as the state or quality of being infectious. Estimation based on susceptibility is
called vaccine efficacy for susceptibility (V Eg) while estimation based on infectivity is
referred as vaccine efficacy for infectiousness (V Ey) (Datta et al. 1999). Both V Eg and
V E; are measures of the true biological effects of a vaccine (Davis and Haber 2006).

Estimation of V Eg requires different levels of information depending on what type of



parameterizations is used (Halloran et al. 1997). On the other hand, estimation of V E;
requires information on exposure to infection which is very expensive even impossible in
collecting and thus challenging to estimate it (Longini et al. 1996; Longini et al. 1999).
Thus, V E; cannot be estimated from a sample of unrelated individuals. But household
data are commonly used to provide more information about exposure to infectious indi-
viduals (Davis, and Haber 2006). In the present project we estimate the vaccine efficacy
in terms of relative reduction in susceptibility to infection of vaccinated compared to

unvaccinated.

1.2.2 Vaccine efficacy vs. effectiveness of vaccination programme

More recently some researchers argued that vaccine efficacy and effectiveness of vacci-
nation programme are not similar. Halloran et al. (1991) and Haber et al.(1991a) first
distinguished between the effects of a vaccine and those of a vaccination programme.
They defined efficacy of a vaccine in terms of the relative reduction in susceptibility.
They also argued that the quantity, defined by Greenwood and Yule (1915), can be con-
sidered as a measure of the effectiveness of the vaccination programme, as it depends on
the proportion of vaccinated, the length of the infectious period and other factors that
are not related to the action of the vaccine. On the other hand, Greenland and Frerichs
(1988) defined efficacy as the ability of the vaccine to produce effects (i.e, the biological
potency of the vaccine) when administered under ideal conditions, and effectiveness is
then defined as the actual field performance of a vaccination programme. Halloran et
al. (1991) distinguished between the term efficacy and effectiveness. They defined ef-
ficacy as it can be applied to estimates of efficacy parameters obtained from controlled
prospective trials, while effectiveness can be used for estimates of efficacy obtained from

observational studies.

In this present report we measure vaccine efficacy assuming whether vaccine reduce



susceptibility of infection or vaccine may give complete protection to a proportion of
individuals while remaining proportion has same level of susceptibility with unvaccinated

individuals or vaccine has heterogeneous actions across the vaccinated strata.

1.3 Conclusion

In this chapter we discussed rationale of estimating vaccine efficacy in a population strat-
ified into households. We also discussed conceptual framework on measures of vaccine
efficacy. Discussion on epidemic modelling for spread of infectious disease is essential
when one is interested to estimate vaccine efficacy. In the next chapter we will discuss
background of epidemic modelling as well as a basic formulation of stochastic and deter-
ministic approach of epidemic modelling, particularly, in stratified population. We will

also discuss some models of estimating vaccine efficacy.



Chapter 2

Review of modelling epidemics and
methods of estimating vaccine

efficacy

2.1 Introduction

It is essential to know the historical background and basic formulation of epidemic mod-
elling for spread of infectious disease when one is interested to estimate vaccine efficacy
and effectiveness of vaccination while these are applied to control epidemic. Section 2.2
discusses the background of modelling epidemics of both stochastic and deterministic
approaches followed by foundation of those models in general case. Basic formulation
of both deterministic and stochastic version of modelling epidemics in stratified popu-
lation is discussed in Section 2.3. Section 2.4 demonstrates the review of some vaccine
models, especially the models under heterogeneity of vaccine actions. Finally Section 2.5

concludes the chapter.



2.2 Epidemic modelling for spread of infectious dis-
ease

The development of mathematical models for the spread of infectious disease and their
dissemination is at most over three centuries old. For a more detailed historical overview
interested readers have been referred to the books by Bailey (1975) and Anderson and
May (1991). There are two main features that make a difference between modelling
infectious diseases and that of other type of disease (Anderson and Britton, 2000). The
most important reasons is that there exist a strong natural dependency that whether
an individual becomes infected or not depends on other individual in its locality. The
second features is that most often the epidemic process is only partly observed, which may
sometimes affects the statistical analysis. However, there are two approaches of modelling
infectious diseases: stochastic and deterministic. Several reasons suggest that stochastic
models are to be preferred when their analysis is possible. Conversely, deterministic
models are simple. Sometimes it can be more complex, yet still possible to analyze,
at least when numerical solutions are adequate. Anyway, both types of model play an
important role in better understanding the mechanism of disease spread. Kermack and
McKendrick (1927) proposed the first complete mathematical model for the spread of
an infectious disease which was a deterministic model. On the other hand, the first
stochastic model, which received more attention at that time even though it was never

published, was the chain binomial model of Reed-Frost, 1928.

Modelling epidemics is nothing but a mathematical representation of ’epidemic process’.
The ’epidemic process’ can be characterized as the evolution of some infectious disease
phenomenon within a given population of individuals (Daley and Gani, 1999). The

properties of the process include:

(i) Assumptions about the population of individuals within which the disease first



manifests itself, and then spreads;

(ii) Assumptions about the disease mechanism: how it is spread, and the mechanism

of recovery or removal, if such occurs; and

(iii)) Mathematical modelling assumptions that allow the specification of the two pre-

ceding properties.

On the basis of such properties there are two basic epidemics: simple epidemic and gen-
eral epidemic. The simple epidemic is one where infection spreads by contact between
the members of a community, but there is no removal from the circulation by death or
recovery or isolation. Ultimately, all susceptibles become infected. The basic parame-
ter in simple epidemic model is infection-rate. On the other hand, the more realistic
and generally applicable representation of an epidemic is called general epidemic where
possibility of removal of infectives is considered. Anyway, both types of such model for
the spread of an infectious disease have been described in literatures assuming that the
population is closed, homogeneous and homogeneously mixing. The closed population
is that there is no birth and immigration during the course of epidemic. The homo-
geneity of the population indicates that the individual belongs to the same group and
there is equal degree of mixing among the individuals. Let us describe the more useful
general stochastic epidemic model for the spread of an infectious disease in a closed, and

homogeneously mixing population.

2.2.1 General stochastic epidemic model

Let us consider an epidemic with initially m infectious individuals and n susceptible
individuals. The infected individuals have close contacts with other people that results
in infection. The infectious periods of different infectives are assumed to be independent
and identically distributed according to the distribution of a random variable I, which can

have any arbitrary but specified distribution. During infectious period an infective makes



contacts with a given individual at the time points of a time homogeneous Poisson process
with intensity A\/n. If a contacted individual is still susceptible, then s/he becomes
infectious and is immediately able to infect other peoples. The infectious individual
is considered to be removed from the infection process once its infectious period has
terminated. Thus the removed individual is immune to new infectious. The Poisson
processes of different individuals are assumed to be independent. The epidemic model
of such kind is called SIR (S-susceptible, I-infectious, R-removed) epidemic model. The
special case where the infectious period follows an exponential distribution is known as
the general stochastic epidemic. The general stochastic epidemic at the first time was

initiated by Bartlett (1949) and has received remarkable attention in the literatures.

Stochastic models in continues time

Let us consider an S-I-R model in which the total population N+1 is subdivided into X ()
susceptibles, Y (t) infectives, and Z(t) immune or removals, with (X,Y, Z)(0) = (N, I,0)

and

Xt +Yt)+Z(t)=N+1 Vt>0 (2.1)

We assume that {(X,Y)(t) : t > 0} is a bivariate Markov process; (2.1) ensures that
Z(t) = N+1—X(t)—Y(t) is known when (X, Y)(¢) is known. Let p;; be the probability
that at time t there are i susceptibles still uninfected and j infectives in circulation. We
again assume that there is a homogeneous mixing so that the probability of one new
infection in time At is taken to be JijAt , and the chance of one removal vjAt, where (3
and ~ are infection rate and removal rate respectively. This yields infinitesimal transition

probabilities

P{X,Y)t+A) = (i—1,5+1(X,Y)t) = (4,5)} = BijAt + o(At)
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PIXY)(E+A) = (i — 1GY)(E) = (i,4)} = vij At + o(At)

PUXY)(E+ AL = (0, [(X,Y)() = (6,4)} =1 = (Bi +7)jAt — o(At)

The state (i,7) for {(X,Y)(¢) : t > 0} have an hierarchical structure, with the value of
X decreasing by single units, and the value of Y increasing or decreasing by single unit

also. Now if we write the state probability as

pij = P{(X,Y)(t) = (i, j|(X,Y)(0) = (N, )}, (2.2)

we can derive the Kolmogorov forward equations in the form

dpnr(t)

dt = —I(BN +)pnr, (2.3)
Ao,
]tzjt(t) = B+ 10 = Dpirjr =3B+ pi + 90 + Dpign (24)

0<i+j<N+I[0<i<NO0<Z<J<N+I),

subject to the initial conditions py;(0) = 1, p;;(0) = 0 otherwise.
The distribution of the number of initial susceptibles ultimately infected, i.e the distri-

bution of ultimate size of epidemic, is given by
P, = Pr{lim (X,Y)(t) = (N = n,0)|(X, Y)(0) = (N, 1)} = px—na(o).

With the p = 7 as the relative removal rate, equation (2.3) and (2.4) become

dp]cvzi(t) = ~IW A opwr, (2.5)
dp;;(t . . o .
pjt( ) = ((+1){ - 1>pi+1,j—1 — i+ p)pij +p(5 + 1)102"ijl (2.6)

0<i+j<N+I,0<i<N,0<J<N+I),
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subject to the same initial conditions py;(0) = 1. Solution of this equation can be
found recursively , starting with py;(t) = e~ @™+ Gani (1965, 1967) proposed a
solution which based on the mixture of Laplace transformation and probability generating

function(p.g.f). For details of such models see Daley and Gani (1999).

Stochastic models in discrete time: The Reed-Frost Model

The Reed-Frost model is the discrete time model for an epidemic spreading in a homoge-
neously mixing closed population with one or more infectives. This model was initially
proposed, but never published, by Reed and Frost in the 1920s, and was subsequently
published with some extensions to the model by Abbey (1952) and then Bailey (1975)
and O’Neill and Roberts (1999) for further explanation of the model. For this model,
latent period can be defined as the period of time between infection and becoming infec-
tive while the incubation period as the time between infection and the first symptoms.

This model assumes
(i) Latent and incubation periods are constant.
(ii) The period of infectiousness is reduced to a single point.
(iii) A single attack of the epidemic gives immunity.
(iv) The latent period is taken to be the unit of time.

If an epidemic started in a group of susceptible individuals with a single or multiple
infective, the epidemic continues in a series of stages separated by time intervals, of

length the latent period, until there are no infected individuals in the population.

Consider an initial population of N susceptible individuals and a infected individuals.
For t =0,1,..., let S; and I; denote the number of susceptible and infected individuals
in the population at time t. Let p = 1 — ¢ is the chance of adequate contact and ¢

is the chance of avoiding between any susceptible and infective at time ¢, then ¢'* is

12



the chance that any given susceptible will have adequate contact with none of the I,
infectives. Accordingly, 1 — ¢'t is the probability of adequate contact with at least one,
which is what we require for infection take place. The conditional probability of exactly

I, 1 freshly infected persons, will in turn become infectious at time ¢ + 1, is therefore

St

P{Ii41]S:, I} = (S
t+1

)(1 . qlt)1t+1q1t5t+1 (27)

Thus, the conditional probability distribution for the number of new cases at each stage

of epidemic is given by binomial expression with parameters S; and (1 — ¢™).

2.3 Epidemic models in a stratified population

It is more realistic that a population in a large community usually divided into classes
or households such that the individuals of each class mix homogeneously amongst them-
selves, but mix to a lesser degree with individuals of other classes. So, the overall
mixing pattern is heterogeneous. A class could be thought of either as a group of friends
or associates, or households or as a collection of individuals in a certain region of the
community. Thus, this assumption appears to be a quite realistic substitute for the
homogeneous mixing assumption when one is interested to model infectious disease in
a population stratified into different groups. Watson, (1972) argued that epidemics in
large populations can often be broken down into smaller outbreaks which are in general
not in phase, and which interact with each other to some extent, as envisaged in his
model. The first simple deterministic epidemic models based on such assumption have
been proposed by Rushton and Mautner (1955) in m equivalent classes. Haskey (1957)
studied simple stochastic epidemic models in only two classes. Then Watson (1972)
studied general epidemic model in m sub-populations. Immediately a few years later

Billard (1976) discussed an alternative approach of Watson model. More recently, there
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are so many different epidemic models in such stratified population have been found in

the literatures (Daley and Gani 1994; Ball et al. 1997; Ball 1999; Ball et al. 2001).

2.3.1 Deterministic epidemic model in a stratified population

The deterministic epidemic model in stratified population was first described by Da-
ley and Gani (1994). Now we describe the mathematical formulation of deterministic
epidemic models in such populations. Let us consider a closed population of size N
consists of m groups of sizes Ni,...,N,,, in each of which a general epidemic may break
out. The population is considered to be non-homogeneous due to stratification. We
don’t need to specify here the basis of stratification: it may be geographical, behav-
ioral, cultural or socioeconomic, for example. Let us define 3;; as the pairwise infectious
contact rates for an infective in the ith group to infect a susceptible in the jth group,
for 7,57 = 1,2,...,m. We also define removal rates «y; for the removal of infetives from
the jth group. Now let X;(t) Y;(¢), and Z;(t) be the number of susceptibles, infectives,
and removed cases in jth group respectively at time ¢ and X;(0) = N;, Y;(t) = aj,
Z;(0) = 0. Also X,(t) +Y;(t) + Z;(t) = N; + a;, so the process is completely specified

by {X;(1),Y;(t), ¢ = 0}.

The deterministic system is derived from the assumption that during small time At
there are X;(¢){>_1", 5;;Yi(t) } At adequate contacts that made infections and ~;Y;(¢)At
of infectives will loose their infection. So, the number of susceptibles, infectives and

removed cases at time (¢ + At) are:

X;(t+At) = X;(t) — Xj(t){in: Bi;Yi(t) YAt + o(At)

Vit+A) = V() + X000 i} AL - Y5 (0A+ o(A)

Zi(t+ At) = Z;(t)+,;Y;(t) At + o(At).

14



X (t+At)—X;(t) dX;(t

By definition, we can write lima;_ g At == ) and thus the differential equa-

tions from above equations can be written as follows:

dX;t) -

dt - Zﬁlj (28)
T = X0 A — %0 29)
PO v (210)

for each j =1,2,....m

Dividing (2.8) by (2.9) and then taking integration from 0 to t yields

In[X;()/X;(0)] = _Zﬂw t)/vi (2.11)

For t — oo, the eventual number of susceptibles are left in jth group is

Xj(o0) = eXp{Z Bi;Zi(00) i} (2.12)

For more details see Daley and Gani (1999).

2.3.2 Stochastic epidemic model in a stratified population

A stochastic analogue of the general deterministic epidemic of earlier section assumes
that a finite population of a large community is stratified into m groups or households
of sizes N = (Ny,..., N,,)". At time ¢ > 0 the jth group consists of X;(¢) susceptibles,
Y;(t) infectives, and Z;(t) removed cases at time ¢. Let (3;; be the pairwise rate for an

infective in the ith group to infect a susceptible in the jth group, v; for the removal of

infetives from the jth group. At time ¢ = 0 suppose a single infective is added to stratum

15



1. In vector notation, the property of constant sizes of several strata is expressible as
Xt)+Y(t)+Z(t)=N+1;,, Vt>0 (2.13)

and the initial condition is that (X,Y,Z)(0) = (N, 1,,0), where the m-row vector 1; has

P )

1 as its ith component and all other elements zero.

Retaining the assumption of homogeneous mixing throughout the population, the prob-
ability of one new infection at jth stratum in time At is taken to be xz;(31%, Biy:) At
, and the chance of one removal at the same stratum is v;y;At. We assume that for
the strata ¢ = 1,...,m with x and y denoting m-vectors of non-negative integer-valued

components, then this yields infinitesimal probabilities

PAXY)(t+ A = (x=1;,y +1)|(X,Y)(1) = (x,¥)}

= (3 By At + o(Af) = ,(y B),Af + o(A1)

i=1

P{X,Y)(t+At) = (xy - 1)IXY)(t) = (x,y)}

= YAt + o(At)
P{X,Y)(t+A) = xy)XY)()=1- i[%’ (¥'B); +7595]At — o(Al)

where B = (;;).

More specifically, the number among the X; initial susceptibles in jth stratum contacted
and therefore potentially infected is a binomial r.v. Bin(X;, 1 — exp(— (X", 5ijvi) i),
where 7; = 1/v; is the average length of infectious period at jth stratum. For more

details see Daley and Gani (1999).
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2.4 Measures of vaccine efficacy: A review of previ-

ous works

2.4.1 Vaccine efficacy under heterogeneity of vaccine action

Some literatures on vaccine efficacy often ignored the fact that immune response due to
vaccine tends to vary among the hosts because of possible variation in immune systems
of hosts and possible failure of vaccine for its imperfect use. Conversely, the concept of
vaccine efficacy based on the level of protection against infection provided by a vaccine

has received much attention in the literatures (Becker and Utev 2002).

Smith et al. (1984) argued that standard measures of vaccine efficacy should include the
values that depend on the type of protection induced by the vaccine. They proposed two
possible mechanisms of vaccine response. The first one is where a certain proportion of
vaccinated peoples receive complete protection and the remaining proportion has no pro-
tection against infection. The other one is where every vaccinated people receive exactly
the same partial protection. That is, vaccine reduces the susceptibility in every vacci-
nated individual. Halloran et al. (1991a) noted that in the case of first mechanism, there
are actually two vaccinated strata, where the vaccine has a different effect in each of the
two strata. Halloran et al. (1992) discussed the estimation vaccine efficacy considering
vaccine effect is heterogeneous across vaccinated strata. They considered different levels
of susceptibility among the vaccinated strata and unvaccinated group and estimated a
summary measure of vaccine efficacy. Becker and Utev (2002) allowed vaccine response
to be random in a general way and their formulation of vaccine response includes two
mechanisms considered by Smith et al. (1984) as particular cases. But their formulation
didn’t distinguish individuals with different vaccine responses. In the related work Hal-
loran et al. (1996) and Longini et al. (1996) use a frailty mixing model to incorporate

heterogeneous vaccine effect in the estimation of vaccine efficacy.
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2.4.2 Review of some vaccine models

Measures of protective vaccine efficacy (VE) depend on the nature of host’s response
to the vaccine and it has been found in some investigations that host susceptibility and
protection induced by vaccine follow certain probability distributions (Smith et al. 1984;
Svensson 1991; Halloran et al. 1992). Greenwood and Yule (1915) first recognized the VE
estimation problem and discussed the need to model the possible heterogeneity in host
susceptibility in both vaccinated and unvaccinated people. Since then, some researchers
have modeled unmeasured heterogeneity through stratification (Halloran et al. 1992;
Longini et al. 1993a; Smith et al. 1984) while others have modeled by allowing the
susceptibility to follow probability distributions (Brunet et al. 1993; Svensson 1991;

Struchiner et al. 1995).

Smith et al. (1984) defined two models of vaccine action in a population. Model 1
defined depending on whether the vaccine reduced the probability of infection given
exposure to infection in all of the vaccinated individuals equally. This model is called
leaky vaccine model (Halloran et al. 1992; Struchiner et al. 1990). Model 2 defined
assuming vaccines completely prevented infection in some, while having no effect in
other and thus is called all-or-nothing vaccine model (Halloran et al. 1992). Halloran et
al. (1991) noted that in the case of Model 2, there are actually two vaccinated strata,
where the vaccine has a different effect in each of the two strata. The fundamental
idea behind the Model 2 is that the vaccine may give complete protection to a fraction
of the vaccinated, « , while the remaining fraction, 1 — «, receive partial protection.
Thus, the statistical problem is to estimate a and the parameters of the distribution
of partial protection from field data. Longini et al. (1996) and Halloran et al. (1996)
demonstrated estimation and interpretation of such parameters from time to event data
under unmeasured heterogeneity based on frailty mixing model using maximum likelihood

approach.
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2.4.3 Vaccine efficacy in terms of transmission probability

Haber et al.(1991a) derived expressions for the protective effects of the two vaccine mech-
anisms described by Smith et al. (1984) based on a dynamic epidemic model of an acute
directly transmitted disease (Bailey, 1975) in which the number of new infections depends
on the number already infected. In their model, the probability that a susceptible person
becomes infected given that contact is made with a single infected person is assumed to
remain constant over the course of an epidemic. Then they defined vaccine efficacy as the
relative reduction in the transmission probability due to the vaccine, and demonstrate
how it can be estimated from the usual attack rate data obtained in such vaccine efficacy

studies.

Let us discuss the vaccine model in terms of transmission rates defined by Haber et al.
(1991a). Let us define transmission rate 3, to an unvaccinated susceptible person as the
probability that this person will become infected from a single infected person during
one short time unit. The transmission rate can be written as 8 = nf, where n is the
probability that any two people make adequate contact during a short time period, and
0 is the probability of transmission given contact between a susceptible and an infected
person. Following Smith et al. (1984) there is two different models for the action of
the vaccine. In Model 1, the probability of transmission from an infected person to a
vaccinated susceptible person is reduced from (3, to (3,. Thus vaccine efficacy can be
defined as VE =1 — 3,/8,. In model 2, a fraction « of the vaccinated become totally
immune while the remaining fraction 1 — « of vaccinated people are not affected by
the vaccine. Thus the probability of a vaccinated person becoming infected from an
infective person is zero with probability a and (3, with probability 1 — «, i.e., the mean
transmission rate to a vaccinated person is (1 —«)f3,. Then vaccine efficacy under Model
2 can be defined as VE = 1—(1—«)B,/8, = . Again, under the assumption of random

mixing in a closed population Haber et al. (1991a) solved a deterministic epidemic model
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for the transmission rates as a function of the final attack rates in the unvaccinated and
vaccinated, denoted by AR, and AR, respectively. Haber et al. (1991a) showed that the
transmission rate to the unvaccinated, f3,, is related to the attack rates by:

1
B = ——l(l—AR,) (2.14)

where K = N[(1 — f)(AR,) + f(AR,)] is the total number of infected in the study
population, and 7 is the average length of infectious period. Equation (2.14) holds for

both models of vaccine mechanism. In Model 1, 3, is similarly given by

1
. = ———1In(1— AR, 2.1
G = ——p (- AR,) (215)
while in Model 2
AR,
a = 1_ARu (2.16)

Therefore, an expression for vaccine field efficacy under Model 1 based on the relative

transmission rates is given by:

o In(1 — AR,)
F =1-—=1—-—-—"7-++< 2.1
Vaccine efficacy under Model 2 is given by
AR,
VE a=1-— AR, (2.18)

Halloran et al.(1992) extended the method of Haber et al. (1991a) to develop a summary
vaccine model ,that based on the relative susceptibilities in the vaccinated strata, for

evaluating vaccine efficacy in an outbreak of a directly transmitted, acute infectious
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disease. They proved that the upper and lower bounds on the summary vaccine efficacy
at the beginning of the epidemic are the values obtained when assuming that Model 1

and Model 2 are operating, respectively.

All vaccine models discussed above were proposed for a homogeneously mixing closed
population. However, they ignored estimation of vaccine efficacy in a population par-
titioned into households with different sizes where there is homogeneous mixing within
household, but to a lesser frequency of mixing with individuals of other households and
thus overall mixing are non-homogeneous. Haber et al.(1991b) and Haber et al.(1995)
though estimated vaccine efficacy in such stratified population but they considered all
households or strata of equal size. The present study aims to estimate vaccine field
efficacy in such a population stratified into households of different sizes. We will also
discuss the estimation of the threshold value of the fraction of the population that has

to be vaccinated to stop epidemic.

2.5 Conclusion

This chapter discussed the review of epidemic modelling, particularly in stratified pop-
ulations and also discussed some vaccine models. In the next chapter we will discuss

method of estimating vaccine efficacy in a stratified population.
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Chapter 3

Measures of vaccine efficacy in a

population stratified into households

3.1 Introduction

In this chapter, following Smith et al. (1984) and then Haber et al. (1991a) we define
two models of estimating vaccine efficacy in terms of transmission rates estimated from
final attack rates in a population partitioned into households of different sizes for a
particular outbreak of acute, directly transmitted infectious disease. In Section 3.2 we
define infection rates for modeling an epidemic process in a stratified population given
by Watson (1972). In Section 3.3, we define our model for stratified population as well
as describe estimation procedures of transmission rate from final attack rate via the
deterministic approach proposed by Haber et al. (1991a). In Section 3.4 we discuss
measures of summery vaccine efficacy under heterogeneity of vaccine action for stratified
population. Section 3.5 demonstrates with discussion on the estimation of the threshold
value of the fraction of the population that has to be vaccinated to stop epidemic. Finally,

Section 3.6 concludes the chapter.
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3.2 Infection rates for an epidemic process in strat-
ified population

Let us consider an example of epidemic of directly transmitted infectious disease which is
started in a large community of households. We assume homogeneous mixing among the
individuals themselves within each household and also a homogeneous mixing between
the members of others households, but allow for higher frequencies of contacts within

household than between households. So the overall mixing pattern is non-homogeneous.

Let us consider a population of size N divided into m distinct households ,C.., of size N,
(r=1,2,...,m). Assume that initially the epidemic is started in a particular household
and all other households are considered to be susceptible. It is also assumed that all
individuals of any household are the same type, i.e the same level of susceptibility. Let
us define (3, as the infection rate in a particular type of households ,C)., due to infective in
other household ,Cy. Then (3,5 can be expressed in terms of more meaningful parameters

as follows:

ﬁrs = ﬁrpTSNT/Ns (31)

where, (3,= infection rate within household ,C, , and
prs= proportion of mixing between members of household C,. those of C.

There are certain constraints on p,s inherent in their meaning;:
Prs = Psry Prr = 17 and 0 < Drs <1

It should be noted that p,, = 1 gives homogeneous mixing, while p,, = 0 gives m
completely separate population. Thus, the process under consideration is bounded by
these two known extremes.

Now if r = s then (3.1) yields the infection rate within household C, is as follows:

Brr = ﬁrprrNr/Nr = 67“ (32)
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To justify our assumption that members of a household mix homogeneously amongst
themselves but to a lesser degree with members of other household, it can be shown

using (3.1) and (3.2) that 3., > f,s since 0 < p.s < 1, and p,. = 1.

Example

It has been observed that the infection rate defined in (3.1) depends on size of the
household. Thus, if all other assumptions remained the same then it can be shown that
the infection rate defined in (3.1) among all households with equal sizes will be the same.
Letting N, = Ny, 6, = (3, and p,.s = ¢ , from (3.1) the infection rate [3,s for equal sized
households can be written as:

ﬁrs = ﬁ <T B s>, (33)

g8 (r#s),
where 0 < ¢ < 1. This formulation of infection rate for equivalent groups is similar to
that of a study on an epidemic in a stratified population carried out by Watson (1972).
He also showed that the removal rate, 7, = =, is also the same in case of equivalent

groups.

It is realistic that a large community has several households of equal sizes. So, according
to above formulation on infection rate for equivalent groups we can assume that the
infection rate among all the households of equal sizes will be the same. But infection
rates in different sized household should be different. In this project we are dealing with
a deterministic epidemic model in such type of population stratified into households with
different sizes. Finally we estimate vaccine efficacy and fraction of population has to be
vaccinated. Now let us define all notations and parameters that will be used in our

model.
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3.3 Notations and the Models

Let m be the total number of households and m,, be the number of households of sizes
n(n=1,2...,L). Thus, N = 2% nm, is the total number of population in the
community. Assume that a certain proportion of individuals in the community is vacci-
nated and consequently a minimum proportion of members in every household has been
vaccinated. Thus, the members of households are divided into two groups: those who
have been vaccinated prior to the outbreak, and those who have remained unvaccinated.
As we assumed that epidemic is started in a particular households with a one or few
infectives, all other households are considered to be susceptible. Let ¢ denote the time
since the beginning of the epidemic (measured continuously). At each time ¢, we define
the following dynamic variables:

Let ay y, an, is the prop. of unvaccinated and vaccinated peoples in a household of size
n.

Xnu(t), Xy0(t)= Prop. of unvaccinated and vaccinated susceptible in such household
You(t),Yno(t) = Prop. of unvaccinated and vaccinated infected in household of size n.
Znu(t), Zn(t)= Prop. of unvaccinated and vaccinated people who have recovered from
infection or immune.

Bnku= infection rate for an unvaccinated susceptible people in households of size n due
to infective in any other households of size k.

Bnk,n= infection rate for an vaccinated susceptible people in households of size n due to
infective in any other households of size k.

v,= removal rate in any households of size n

Model 1: Following Smith et al. (1984) we distinguish two models for the action of
vaccine. In Model 1 we assume that vaccination reduces the probability of infection given

contact with an infective. This model is called leaky vaccine model.

Now the deterministic model for general epidemic in unvaccinated peoples of a household
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of size n is derived from the assumption that during small time At there are

KXo (OO0 Bk (Yiew () + Yi o (1)) JAL infections or adequate contacts between suscep-
tible and infective, where all contacts are equally likely and ~,Y;, . (t)At infectives will
loose their infection. Thus, the number of susceptibles, infectives, and removed cases at

time (¢ + At) can be defined as:

Xnu(t+AL) = X,u(t) — Xnu(t){i Brkuw(Yew(t) + Yio(t)) JAL 4+ o(At)

Yoult+At) = Y,.(t)+ Xnu(t){i Bk Yiew(t) + Yo (£) JAE — 7, Y5 u(8) At 4 o(At)

Znu(t+A) = Z,u(t) + 7 Ynu(t) At + o(At)

By definition we can write lima;_.o X"»“(tJFAAti—Xn,u(t) _ dX’;l’t“(t), then the differential equa-

tions for unvaccinated group can be written as follows:

ng;(t) — _Xn,u(t){fj Bk Yeu(t) + Yiu ()} (3.4)
k=1
dYTZé:(t) _ Xn,u(t){fj Bk Yeu(t) + Yo (1)} — 10 You(t) (3.5)
k=1

dZnu(t)

g = nteall) (3.6)
with initial conditions

Xnu(t) + Yoult) + Znu(t) = anu, Vt (3.7)
Xn,u(()) = Qpu, Yn,u(o) = 0+7 Zn,u(O) =0 (38)

where 07 is very small number.

Similarly, for the epidemic in vaccinated peoples we can assume that during small time At
there are X, ,(){>12 1 Bukw (Yeu(t) +Yeo(t)) At infections or adequate contacts between

susceptible and infective, where all contacts are equally likely and 7,,Y,, ,(t)At infectives
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will loose their infection. Thus, we can write

Tl = X (S B )+ Vi) 39
Dol = X003 AucValt) + Vsl = ¥ont) (310
Dnall) _ v, (3.11)
with initial conditions
Xno(t) + You(t) + Znw(t) = anp, Vt (3.12)
Xn(0) = app, V5o (0) =07, Z,,(0) =0 (3.13)

where 07 is very small number.

Estimation of transmission rates from final attack rates

Let us first find the size of the susceptible. Substituting (3.6) and (3.11) into (3.4) yields

1 an,u(t) _ m de,u(t) de,v(t)
Xou(t) dt k;ﬂ"’w( PR Al (3.14)

Since the population size and length of infectious period are finite, there exists a time 7'
at which Y}, ,(T') = Y, ,(T") = 0 and no new infections can occur. Integrating (3.14) over

0 to T yields the size of susceptible as follows:

:emFgﬂmwm@%ﬁm@+%Aﬂ—%NMMdCH®
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Evaluating (3.15) at the initial conditions, (3.8) and (3.13) and noting that Z, ,(T") =

oy — Xnu(T); and Z, (1) = apy — Xno(T) yields

1= expl= S Burad Zen(T) + Zin(T)} /) (3.16)

Similarly, solving equation (3.9) to (3.13) for vaccinated group we get

= - el X Aukel Zua(T) + Zual TV} (3.17)

Let us define the fraction of vaccinated fr = ax,/k and attack rates in the unvaccinated
and vaccinated at the end of outbreak in households of size k, ARy, = Zi (1) /ay, and

ARy = Zyo(T)/ag,. Substituting the new values into (3.16)-(3.17) we have

k=1
ARn,v = 1- eXp Z ﬁnk v 1 - fk)ARk,u + kaRk,v}/’yk] (319)

Let us assume that removal rate for all household is equals, then v, = . But the removal
rates 7 for infectives implies that the mean infectious period is 1/. Let 7 = 1/v be the
average infectious period. We also define transmission rates among unvaccinated and

vaccinated as given below:

Tpu — Z kﬂnk,u{(l - fk)ARk,u + kaRk,v}

k=1

Tpy = Z kﬁnk,v{(l - fk)ARk,u + kaRk,v}
k=1
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Then equation (3.18)-(3.19) become

AR, ., = 1—exp[—7m,.] (3.20)

AR, = 1—exp[—7m,,] (3.21)

Taking log transformation in equation (3.20)-(3.21) we get transmission rates for unvac-

cinated and vaccinated as follows:

In(1 — AR, (3.22)

Sl

In(1 — AR,,,) (3.23)

Let h,, = m,/m be the proportion of household of size n. We assume that transmission
rates in all households of the same size are identical as infection rates are assumed to
be the same. Then equation (3.22)-(3.23) become transmission rates in all households of

size n as follows:

In(1 — ARy )l (3.24)

7]'n7u =

In(1 — AR, ), (3.25)

ﬂ-’l’L,’U =

Sl

Following Haber et al. (1991a) we can defined vaccine efficacy in terms of transmission

rates. Therefore, the vaccine field efficacy for household of size n can be defined as

. In(1 — AR, )
v BT A ) 9L 2
E (1 — AR,,) " 7 (3.26)

Model 2: In this case we assume that a fraction a of the vaccinated becomes totally

immune and remaining fraction(1—«) are still susceptible with same level of susceptibility
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of unvaccinated. This model is called all-or-nothing vaccine Model.

Now the differential equations for unvaccinated group are exactly the same as equation
(3.4)-(3.8) and for the vaccinated group (3.9)-(3.13) remained the same, but the initial

conditions are
Xpw(0) = apo(1 — ap), Yuo(0) =01, Z,,(0) = appay

Therefore, equations (3.16)-(3.17) become

Zn,u (T)

Qpu

= (1 — ap){1l — exp|— z_: Bkl Zkw(T) + Zio(T) — Zk»(0)} /6] (3.28)

= 1= expl 3 Al Zua(T) + Zea(T) = Zea (00} /9] (520

Zn,v (T>

an (1 — )

Substituting fr = ar./k , ARry = Zpu(T) /g, 7o =7 = 1/7 and ARy, = [Zo(T) —

Zi»(0)]/(1 — ay)ag, into (3.27)-(3.28) become

AR, =1—exp[—T i kBnku{(l — fu)ARkw + (1 — ag) fkARk ] (3.29)

k=1

ARy = (1 — ap){1 —exp[-7 i kBrkul (1 — fo)ARpw + (1 — ag) fr ARk}t (3.30)

k=1

In Model 2, we assumed that the attack rate in (1 — a)) proportion of vaccinated people
is the same with that of unvaccinated as B,k = Bnk. S0, putting ARy, = ARy, into

(3.29)(3.30) we get

ARnu = 1—exp[—7 Y kBuu{(1 — afi) ARku} (3.31)
k=1
AR,, = (1—an)AR,., (3.32)

Previously we defined h,, = m,,/m as the proportion of household of size n. We assume

that attack rate in all households of the same size is identical as infection rates is assumed
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to be the same. Then equation (3.31)-(3.32) become as attack rate in all households of

size n as follows:

AR,u = [1—exp[—7 i EBuku{(1 — afy) ARy} hn (3.33)
k=1
AR,, = [(1 —an)ARyu]hn (3.34)

Therefore, the vaccine field efficacy for household of size n can be defined as

vE, =1 A
A n,u
AR,
VE, =1-28me \ g9 L 3.35
= AR, " (3.35)

3.4 Summary vaccine efficacy under heterogeneity of

vaccine action

In previous section Following Smith et al. (1984) and then Haber et al. (1991a) we
described two models of vaccine action in a population stratified into households de-
pending on whether the vaccine reduced the probability of infection given exposure to
infection in all of the vaccinated individuals equally (Model 1) or completely prevented
infection in some, while having no effect in others (Model 2). Halloran et al. (1991)
noted that in the case of Model 2, there are actually two vaccinated strata with different
level of susceptibility, where thus the vaccine has a different effect in each of the two
strata. Halloran et al.(1992) argued that interpretation and estimation of vaccine effi-
cacy is complicated when the vaccine effect is heterogeneous across vaccinated strata.
In response to this concern Halloran et al. (1992) developed models of vaccine action

with a uniform biologic interpretation when the vaccine has heterogeneous effects in the
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vaccinated strata. They also argued that vaccine efficacy is a function of the relative sus-
ceptibilities in the vaccinated and unvaccinated persons. Under heterogeneity of vaccine
effect, they presented a general expression for a summary vaccine efficacy parameter in
terms of the vaccine efficacy in the different vaccinated strata weighted by the fraction
of the vaccinated sub-populations in each stratum. Extending the method of Haber et
al. (1991a) for evaluating vaccine efficacy in an outbreak of an acute infectious disease,
they also proved that the upper and lower bounds on the summary vaccine efficacy at
the beginning of the epidemic are the values obtained when assuming that Model 1 and

Model 2 are operating, respectively.

An Example

As an example, let us briefly discuss summary vaccine efficacy models of heterogeneous
vaccine action defined by Halloran et al. (1992). Assume that population in unvaccinated
group has equal level of susceptibility 3y and a proportion « of the vaccinated have
susceptibility i, while the remaining proportion 1 — « has susceptibility (5. Different
combinations of heterogeneities across vaccinated strata result in different combination
of relations among the susceptibilities of vaccinated strata. Using the relations of the
susceptibilities in the vaccinated strata different type of vaccine models, the weighted
average, (3, , of the susceptibilities in the vaccinated fraction, and the summary vaccine
efficacy, VEz = 1— % , for each of the vaccine models have been formulated and presented
in Table 3.1. All vaccine models presented in Table 3.1 defined by Halloran et al. (1992)

for randomly mixing population.

The weighted average , 3, , is a meaningful population parameter that measures the
average susceptibility in a heterogeneous population of vaccinated individuals, and the
summery vaccine efficacy, V' Ej3, is the average relative reduction in susceptibility. For

any given value of a, 3y, and f; it can be shown that a(1 — 81/5) < a, and (1 — ) s <
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Table 3.1: Relation among susceptibility and summary vaccine efficacy in the different
models

Model Name B B2 Bu VEs
1 leaky 61 < Bo no [ I3} I %
2 all /nothing B =0 B2 = B (1 —a)by a
3 leaky /nothing 0 < f; < (o B2 = Bo af + (1 —a)b a(l— %)
4 all/leaky =0 0<pf<fo (1—a)p e
5 general 0<Bi<B Li<Bh<f afi+(l-a)bf 1- w

(1 — a)fy when By < By. Thus, using these results it can be proved from Table 3.1 that
V Ez(Model 3)< V Eg(Model 2)< V Ez(Model 4)

Holloran et al. (1992) discussed the key issues in the interpretation and estimation of
V Ez which includes: (1) whether the strata are determined by a pre-vaccination host
condition or by a vaccine-related problem; (2) who is in which vaccinated stratum; and
(3) the change in the relative size of the two (or more) vaccinated strata over time due

to differential susceptibility.

When the strata are not identifiable, they derived lower and upper bounds for summery
vaccine efficacy parameter for the case of an outbreak of an acute infectious disease
discussed by Haber et al. (1991a). They proved that V Ej5 for general model 5 always

lies between the efficacies calculated from Models 1 and Model 2, that is,
2 (5) (1)
VE; < VEB <VEj;

Following Halloran et al. (1992) we estimate summary vaccine efficacy for general Model
5 from final attack rates of an outbreak of acute, directly transmitted infectious disease
in a population stratified into households. We also derive a bound for this summary

measures assuming that strata are not identifiable.
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3.4.1 Notations and model for summary vaccine efficacy in strat-
ified population

To derive summary vaccine efficacy for general Model 5 described in the earlier example
we have to modify some notations and initial conditions in vaccinated group as we con-
sider here two strata with different level of susceptibility due to heterogeneous vaccine
action. All notations and initial conditions for unvaccinated group will be remained the
same.

Let « be the proportion of vaccinated people that represents strata 1 while 1 — « of
vaccinated represent strata 2. Thus, the notations for vaccinated strata 1 and 2 for a
particular household size n are given below:

X(t), X2 (t)= Prop. of vaccinated susceptible in strata 1 and 2 respectively

t) = Prop. of vaccinated infected in strata 1 and 2 respectively

(
ZW (1), Z2) ()= Prop. of recovered from infection or immune in strata 1 and 2 respec-

67(527@: infection rate for a vaccinated susceptible of strata 1 in a households of size n due
to infective in any other households of size k.
ﬁfjﬁv infection rate for an vaccinated susceptible of strata 2 in households of size n due

to infective in any other households of size k.

If Model 5 in the above example is operating then we can write

2)
0 < Bnkv — T(zkv ) and 6nkfu — nkv — Bnku

Therefore, following the approach of stochastic differential equations applied in previous

section,the differential equations for unvaccinated group are:

dth(t> = Xl okl Viat) + V) + V0] (3.36)
dydt(t) — Xau OIS Bk Yea®) + YO0 + VO ON = 3Yault)  (337)
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dZy (1)
dt

= ’YnYn,u (t)

with initial conditions

Xou(t) + Yo u(t) + Zpu(t) = apu, Vt

Xn,u(o) = Qpu, Yn,u(o) = O+7 Zn,u<0) =0

where 0% is very small number.

Similarly, the differential equations for vaccinated strata 1 are

ax{) m
B = XD A (Yiul) + Y (1) + V(1))
k=1
av0) .
i = KROLS AR + VDO + Y O) - X )
k=1
dz{)(t)
n,v o nY(l) t
dt i n,v( )

with initial conditions

where 07 is very small number.

Again, the differential equations for vaccinated strata 2 are

AX2)(t) d
S = XA B Yea®) + Y0 (0) + Y (0]
k=1
dy,3)(t) u
e = XEO A (Yeut) + Y0 () + Y2 (0} = Y, 2(0)
k=1
dZ3(t)
nv — Y(2) t
dt 777» TL,’U( )
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(3.47)

(3.48)



with initial conditions

XA + Y2 + 27

n,v

(t) = (1 — ap)an., Vt (3.49)

XP(0) = (1 = ap)an., Y,2(0) =0T, 2

n,v n,v n,v

(0) =0 (3.50)

where 07 is very small number.

Estimation of transmission rates for summary model from final attack rates

The solution for estimating transmission rate from final attack rates is similar to the
approach applied for Model 1 in Section 3.3. Thus, solving equations (3.36)-(3.40) for
unvaccinated group, (3.41)-(3.45) for vaccinated strata 1 and (3.46)-(3.50) for strata 2

using the similar fashion applied in previous section we get the following equations:

n,u k=1

ZW(T a“
s D s B A2k T) + Z0UT) + ZE(T) 3] (3.52)

nn,v k=1

(2) s
Zip@T) exp[— 3 B9 AZ0u(T) + Z0NT) + Z2(T) ] (3.53)

(1 — a)ans

i
I

Let us define the fraction of vaccinated f, = ax,/k and attack rates in the unvacci-
nated and all vaccinated strata at the end of outbreak in households of size k, ARy, =
ZialT) Jaru » ARY) = Z1)(T) fagar,, and ARY) = Z2)(T)/(1 — ay)a,. Substituting

the new values and v, = 1/7 into (3.51)-(3.53) we get

ARy =1 —exp[=7 Y kBura{(1 = fi) ARpu + ar frARY) + (1 — ) L AR} (3.54)

k=1

ARD =1 —exp[—7 3" kB {(1 — fi) ARpu + c fAR}) + (1 — ai) fAR}2) Y] (3.55)
k=1

AR® =1 —exp[—7 3" kB (1 — fi) ARpu + ar fAR}) + (1 — ai) fAR}2)}] (3.56)
k=1
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Now let us define transmission rates in terms of final attack rate for unvaccinated, vac-

cinated strata 1, and strata 2 as follows:

kBukul{(1 = fi) ARy + anfiARY + (1 — ) LARD}

3

IS

I
NE

3
I

kBS)(1 = i) ARpu + ar frAR) + (1 — ) fLARL)}

;]7:
S —
I

NE

e
Il
—_

kB (1 = ) ARpu + ar[rAR) + (1 — ) fLARL)}

3
S0
S =
[
NE

£
Il
—_

Using these transmission rates defined above we solve (3.54)-(3.56) and get

1
Tow = —In(1—AR,,) (3.57)
T
1
) = ZIn(1 — AR) (3.58)
b ,7— b
1
m? = ZIn(1 - AR?) (3.59)
b ,7— 9

Now we define weighted average of transmission rates of vaccinated group as:

Strata are identifiable and a known
Suppose that « is known, and that the two strata of vaccinated persons are identified,

so that AR} and AR{?) are also known. Then, the summary vaccine efficacy for Model

5 can be defined as

VE, = 1- v
Tn,u
il + (1~ ag)nf)
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— ap,In(l — ARMY) + (1 — o) In(1 — ARWM)
VE, = 1- ot e 3.60
~ In(1— AR,.,) (3.60)

Strata are not identifiable and o unknown

If strata are not identifiable and « unknown then following Halloran et al. (1992) it can
be derive bound on summary vaccine efficacy, VE,,. We can show that the lower bound
represented by vaccine efficacy, VE® | estimated using Model 2 while upper bound
represented by vaccine efficacy, VE( estimated using Model 1. Thai is, bound on VE,,

can be written as

VE® <VE,<VEWY

n

The upper bound assumes that everyone is equally affected by the vaccine, and the lower

bound assumes that some are completely protected while others have no protection.

Proof:
Let us assume that all assumption on stratified population is remained the same. Also

assume that we don’t know any thing about « and attack rates in vaccinated strata 1

and 2. First we prove that VEWY > VE,.

I(1-ARu.) < | _ In(1—ARY)+(1—0m) In(1— AR,

= 1= In(1—ARp,.) = In(1—ARp )

We can say In(1 — AR, ,,) is negative for 0 < AR,,,, < 1. Therefore, since In(1 — AR, ,,)
is negative we have to prove

In(1 — AR,,) > a,In(1 — AR()) + (1 — a,,) In(1 — ARW)) (3.61)

) )

Following Halloran et al. (1992), we assume here that if the heterogeneity is due to
heterogeneity in a host factor, then (i) the population has been randomly vaccinated
with respect to host response to the vaccine, and (ii) if a sample of the population is

drawn, then the sampling of the two vaccinated strata as well as the unvaccinated fraction
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is done randomly. In this case, AR, , = anARf}}) + (1 — an)AR,(fL and AR, , = AR,
That is, the crude estimate is equal to the weighted average.

Let v = AR, , v1 = AR() , and z, = AR(), then inequality in (3.61) implies that
In(l —2) > a,In(1 —z1) + (1 — ay,) In(1 — x5)

If we again let g(x) = In(1 — x), where g(x) is concave function, then above inequality

implies that
= glapzy + (1 — apn)x2) > ang(xy) + (1 — ay)g(x2) (3.62)

Thus, to make (3.62) true, we need to show that the function g(x) = In(1 — x) is strictly
increasing in x for all 0 < x < 1. This is true if and only if % <0,forall0 <z <1

Thus we have

d?g(z) -1

d?z (1—x)?

¢%<O,forallo<x<l

Thus, it implies that (3.62) is true and in turn all implies that VE( > VE,,.
Now we show

VE® <VE,

ARpy 1 _ ann(L=AR{))+(1-an) In(1-AR{))

= 1= Jr M(1—ARn.)

Using this crude estimate, AR, , = a,AR() 4+ (1 — a,,) ARY)

n,w

in above inequality we

can say that we have to prove

an AR+ (1—an) AR (=ARD)+(1—an) In(1-ARL)

n,v an In
L- ARp 4 <1- In(1—ARy )

JARM 4+ (1 — ) AR®) SIn(1— ARMWY + (1 — ) In(1 — ARW)
L, @ARD + (1 - 0) ARG | anln(l = AR + (1 - )l - AR) -, o
AR, In(1 — AR, )
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For ARgﬂ)j < AR, , and also for AR% < AR, , it can be shown that

AR;{L In(1 — AR;{%)

> 64
AR,. ~ In(l1 - AR,,) (3.64)
and
AR®  In(1 — AR®
n,v Il( n,U) (365)

>
AR, ~ In(l1 — AR, ,)

Multiply (3.64) by «,, and (3.65) by (1 —«,) and adding together we get inequality (3.63)

as follows

an AR + (1 — a,) ARY) _ O In(1 — ARM)) + (1 — a,,) In(1 — AR(Y)
= AR, = In(1 — AR,.,)

Which implies that VE, > VE®. Thus, for AR} < AR,, and AR, < AR, it is
proved that

VE® <VE, <VE(

n

~—

Hence, if we cannot identify the strata and do not know «, we have an upper and lower

bound on the true summary measures, V E,,.

3.5 Estimation of fraction of population to be vacci-

nated to control epidemic

For designing an effective vaccination programme it is important to determine the fraction
of population that has to be vaccinated so that there is no epidemic. Thus, the estimation

procedures are described below under all vaccine models described in the earlier sections.
When Model 1 is operating

We now derive the threshold value f; for the fraction of vaccinated, f,, such that for
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fn > fr there will be no epidemic in households of size n , and for f,, < f there will be

an epidemic.

Let us define the dynamic variable Y,,(t) = Y,, () + Y., (¢), (*) which is the total number

of infective in households of size n at time ¢t. Then taking differentiation we have

AY,(t)  dYnu(t)  dY,,(t)
dt  dt + dt (3.66)

Using (3.5) and (3.10) and (*) equation (3.36) becomes

d};Lt(t> = Xn,u(t) i 5nk,qu(t> - ’Ynyn,u(t) + Xn,’u (t) f: ﬁnkak (t) — ’annﬂ} (t)
k=1 k=1
= dlzt(t) = Xou(t) fﬁ Bk Y (1) + Xno (1) i Bk Yi(t) — 1 Yn(t) (3.67)
k=1 k=1

It has been shown in a few literatures (Hethcote 1976; Haber et al. 1991a) in the field
of epidemic modeling that Y,,(¢) is either strictly decreasing (in the case of no epidemic)

or strictly increasing to a maximum and strictly decreasing thereafter (in the case of an

epidemic). Thus, it has been proved that there will not be an epidemic if [dY;;(”]t:o <0.

Let us consider Model 1 and evaluating (3.67) at t = 0, and using the initial values

Xpu(0) = apy, and X, ,(0) = ay,,, we have

dY,(t)

[7]t:0 = Qnpu i ﬁnk,uy}c(o) + i ﬁnk,vy;c(o) - ’VnYn(O) (368)
dt k=1 k=1

where Y;(0) = 0% is a very small number.

Let us define m,,, = Y01 BukwuYr(0) and 7, = Y2700 BukoYi(0). Substituting a,, =
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n(l— f.), any = nfn, and vy, = = 1/7 and new parameters into (3.68) we have,

dY,(t)
—

]t:O = 7’L7'(1 - fn)/frn,u + ann/]Tnm -1 (369)

Therefore, there will be no epidemic if

dY,(t)
_—

]t:O = ’17,’7'(1 - fn)’]rn,u + nT.fnﬂ—n,v -1<0

= TLT(l - fn)ﬂ-n,u + annﬂ-n,v <1

NTTp — 1

= fo > (3.70)

[T — Tno|T

Since 7, > m,p(because we assumed in Model 1 that Bk, > Bukw), the inequality

(3.70) is satisfied when f,, > f;, where the threshold value f is given by

. NT Ty — 1
fn = [Tpu — Tpo|nT
. 1—1/n1m,,
j P b
fn 1 - 7T-7’L,11/7Tn,u
1-1/R
:ﬁ::——ii (3.71)

" Efficacy

where Ef ficacy = 1 — m,,»/Tpu and Ry = n7m,,, is the basic reproduction number.

When Model 2 is operating

In Model 2 we use X, ,(0) = an(1 — @), and Bpgy = Bukw. Then an epidemic will not

be occur if

nT(1 — o fo)mne <1 (3.72)
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Solving (3.72) for f yields

. NT Ty — 1
fro= e
QT uNT
Lo 1—1/ntm,,
Qap
1-1/R
= fr = 1=1/Ry (3.73)

" Ef ficacy
where Ef ficacy = o, and Ry = n7m,,

When Summary Model is operating

In summary Model we use X{)(0) = a,a,., X\2(0) = (1 — a,)ay,,, and @%v < ﬁfi),v <

n,v n,v

Brku- Then an epidemic will not be occur if
= n7(L = fu)Tnu + 07 fuftn, < 1 (3.74)

where
Tnw = o7+ (1= ap)ml)

Solving this equation (3.74) for f¥ we get

. 1-1/R,
> = Ef ficacy (3.75)

where Ef ficacy =1 — T/ Tpu, and Ry = N7, ,.

It is interesting that denominator of formula for f* in case of all three models is the
vaccine efficacy. Again the basic reproduction number Ry will be the same for all three

models as it is function of transmission rate for unvaccinated, average length of infectious
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period and household size. Because transmission rate in unvaccinated group for all three
models are the same according to the definition of these models described earlier. We
also assumed that length of infectious periods is same in case of all models. That is, the
estimate of fraction of population has to be vaccinated depends on vaccine efficacy and
basic reproduction number. Thus, if transmission rate and length of infectious periods are
known or estimated from previous study on a similar population, we can easily estimate
f* using estimated vaccine efficacy. We can see in all models that the threshold f* is
positive only if the basic reproduction number Ry > 1, which is the condition required
to guarantee that an epidemic will occur in the absence of vaccination. For details of

estimation and interpretation on such threshold value see Haber et al. (1991a).

3.6 Conclusion

In this chapter we discussed method for estimating vaccine efficacy in terms of trans-
mission probability in a population partitioned into households. We also estimated the
threshold value of fraction of people that has to be vaccinated to stop epidemic. In the
next chapter application of the methods for estimating vaccine efficacy will be provided
with the help of simulated data as well as numerical solution of stochastic differentials

described earlier in this chapter. Details of simulation study will also be discussed.
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Chapter 4

Estimating vaccine eflicacy using
both simulation study and numerical

solution of differential equations

4.1 Introduction

In Chapter 3 we discussed methods of estimating vaccine efficacy in a population strat-
ified into households in theoretical perspective. Three models has been described for
vaccine efficacy using a deterministic approach of epidemic modeling. In this chapter
we simulate an epidemic process in a population partitioned into households and then
estimate vaccine efficacy from simulated epidemic. Details of stochastic simulation study
are described in Section 4.1. Section 4.2 describe the estimation and interpretation of
results. We also estimate vaccine efficacy from numerical approximation of stochastic
differential equations applied in earlier chapter. Section 4.3 demonstrates the procedures
and interpretation of results of numerical approximation of vaccine models. In Section
4.4 we compare the results of simulation study and numerical approximation. In Section

4.5 we also estimate the fraction of population to be vaccinated using the results found
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from both simulation study and numerical analysis. Section 4.6 concludes the chapter.

4.2 Description of simulation study

Stochastic simulation is useful to model the paths of the numbers of susceptible, infectious
and recovered individuals in an epidemic with known rates of infection and recovery.
In our project the simulation study was conducted to generate an epidemic process in
a population partitioned into households. Initially we considered 5 households with
different size 1, 2, 3, 4, 5. That is, one from each size. We assumed that initially one
infective exits in any one of the 5 households and epidemic start from this infective. So,
all other households’ members either vaccinated or not are considered as susceptible.
Structure of initial households used in simulation has been presented in Table 4.1. The
notations 7S”, "I”, and "R” used for number of susceptibles, infectives, and removal
cases in each household. Subscript "u” and ”v” used for unvaccinated and vaccinated.
With this initials household structured and initial infection and removal rates given in
Table 4.2 we generate the path of epidemic in every households for a length of periods

10.

Table 4.1: Structure of initial household used in simulation

HH size | Su Tu Ru || Sv Iv Rv
1 0O 0 0 1 0 0
2 1 0 0 1 0 0
3 1 1 0 1 0 0
4 2 0 0 2 0 0
5 2 0 0 3 0 O

In the simulation study we assumed higher frequency of mixing within households than
between households and thus overall mixing is non-homogeneous. As a result, we set
higher infection rate within household than between households. Again we assumed that

probability of mixing of individual of household of size greater is higher compared to the
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Table 4.2: Initial values of 3, and 3.k, when Model 1 and Model 2 used in simulation

Unvaccinated (B .) Vaccinated (Buk.v)

k=1 k=2 k=3 k=4 k=5 | k=1 k=2 k=3 k=4 k=5
042 0.19 0.29 031 0331 0.11 0.05 0.06 0.08 0.11
0.19 048 033 035 0371 0.05 0.12 0.10 0.11 0.13
0.29 033 0.56 0.39 040 0.06 0.10 0.16 0.12 0.14
031 035 039 0.65 043 0.10 0.11 0.12 0.17 0.15
0.33 037 040 043 0.75] 0.11 0.13 0.14 0.15 0.19

55?55
U W N =

individual of households of smaller size. We assumed that vaccination is not random and
at least a minimum proportion of individuals in every households has been vaccinated.
In this regards Haber et al. (1991b) showed that estimates of vaccine efficacy in stratified
population is unaffected if vaccination is considered to be fixed rather than random. We
also assumed that mixing pattern of individual doesn’t depend on vaccination status.
The initial infection rates for within household and between household contacts used in

simulation study have been given in a matrix which is presented by Table 4.2.

In stochastic epidemic theory, time ¢ use as index parameter and number of susceptible,
infective and removals are act as states of the process. At each time period states of
the process is observed. According to the stochastic model for stratified population
described in Section 2.3.2 of Chapter 2, the simulation process counts the number of
infectives, I, ,(t + 1), among unvaccinated in household of size n (n = 1,...,5) at time
(t + 1) as the binomial r.v. Bin(S,,(t),1 — exp(—7(Zi—y Lok (Trwu(t) + Iro(t)))), where
T=1/v =5 (y = 0.2, removal rate) is assumed as the average length of infectious period
for all households. So, the number of susceptibles at time (t+1) is S, ,(t+1) = Spu(t) —
I, (t + 1) and number of removal at (t + 1), R, (t +1) = (Snu(t) + Liw(t) + Ruu(t)) —
(Spu(t+ 1)+ I, ,(t + 1)). Similarly, the number of infectives among vaccinated at time
(t+1) was counted as binomial r.v. Bin(S,,(t),1—exp(—7(X5_; Bukw(Tew(t) + o))

and susceptibles and removals cases can be counted accordingly.

To simulate the process we used R programming Language. R codes are given in the
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appendix. The R codes in Figure A1l given in appendix used to generate the epidemic
process in all households. Figures A2, A3, A4 in appendix were used to estimate vac-
cine efficacy parameters using three models described in the earlier chapter. All results
are computed from average of 100 simulations. The sample of epidemic process in each
household can be viewed a few epidemic curve. Figure 4.1-4.5 demonstrate the epidemic
path in the households of size 5, 4, 3, 2, and 1 respectively. That is, one figure represent
epidemic in one household. As we assumed a proportion of members in every house-
holds has been vaccinated the simulated epidemic curve has been presented separately
for vaccinated and unvaccinated in each household. Every graph placed in the left side

represents the epidemic path for unvaccinated while the right one represents vaccinated

group.

Figure 4.1: A sample simulated epidemic path in both unvaccinated and vaccinated in a
household of size 5

Number of unvaccinated S,,R with respectto time at HH5 Number of vaccinated S,|,R with respect to time at HH5
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0.0

2 4 6 8 10 2 4 6 8 10

The benefits of carrying out a large number of simulations mean is that we get reasonably
smooth lines for the number of susceptible individuals, recovered individuals and infective

individuals and so can fairly accurately describe what the dynamics of the population
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Figure 4.2: A sample simulated epidemic path in both unvaccinated and vaccinated in a
household of size 4

Number of unvaccinated S,I,R with respect to time at HH 4 Number of vaccinated S,|,R with respect to time at HH 4

2.0 3.0
15 25

Number
15
Il
Number

1.0
1.0

05
Il
05

Time Time

Figure 4.3: A sample simulated epidemic path in both unvaccinated and vaccinated in a
household of size 3

Number of unvaccinated S,I,R with respect to time at HH 3 Number of vaccinated S,I,R with respectto time at HH 3
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are showing. In all graphs the red line is the number of susceptible individuals, the
blue line the number of infective individuals and the green line the number of recovered
individuals. From all Figures 4.1-4.5 we can see that the number of susceptible individuals
decreases as we would expect with time. The number of infective individuals increases

quite rapidly and then decreases so that there are no infective individuals. As indicated
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Figure 4.4: A sample simulated epidemic path in both unvaccinated and vaccinated in a
household of size 2

Number of unvaccinated S,|,R with respect to time at HH 2 Number of vaccinated S,|,R with respect to time at HH 2
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Figure 4.5: A sample simulated epidemic path in both unvaccinated and vaccinated in a
household of size 1

Number of unvaccinated S,I,R with respectto time at HH 1 Number of vaccinated S,I,R with respect to time at HH 1
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by the initial distribution of the population the number of recovered individuals starts
at zero and increases quite rapidly. The number of susceptible individuals and recovered
individuals remains constant once there are no infective individuals in the population.
The graph representing the epidemic situation in unvaccinated group of household of
size 1 is different. That is, this graph don’t shows the path for infectives and removals.
Because there was no susceptible, result in no infectives and removals. Only the member

in this household considered as vaccinated.
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Table 4.3: Values of B, , @(jiv, and 5,(3# when summary vaccine model used in simu-
lation

K k=1 k=2 k=3 k=4 k=5
Bokw  m=I 042 019 029 031 033
n=2 019 048 033 035 0.7
n=3 029 033 056 039 040
n=4 031 035 039 065 043
n=5 033 037 040 043 075
g%, n=1 011 005 006 008 0.1
n=2 005 012 010 011 013
n=3 006 010 016 012  0.14
n=4 010 011 012 017 0.5
n=5 011 013 014 015 0.9
g8, n=1 015 007 008 010  0.12
n=2 007 019 012 015 0.6
n=3 008 012 025 016  0.19
n=4 010 015 017 032 022
n=5 012 016 019 022  0.39

The main purpose of this study is estimating vaccine efficacy in a population stratified
into households. Subsequently, we defined three vaccine models in the earlier chapter
on the basis of vaccine action. Thus, vaccine efficacy is estimated from simulated out-
break in each households using those three models. In leaky vaccine model (Model 1), as
we assumed vaccine reduce susceptibility, we set higher infection rate for unvaccinated
compared to vaccinated as initial of simulation process. In all-or-nothing vaccine model
(Model 2) we set a = 0.6, proportion of completely immune due to vaccine and assumed
equal infection rate for remaining proportion, (1 — «), with unvaccinated. Finally, for
summary vaccine model as we assumed the proration « (called strata 1)and the remain-
ing proportion (1 — «) (called strata 2) of vaccinated have different vaccine action we
considered three different sets of infection rates for unvaccinated, vaccinated strata 1 and
strata 2. That is, infection rate among unvaccinated is greater than both of vaccinated
strata 1 and 2, while infection rate in strata 1 is greater compared to strata 2. Three
sets of infection rates were used in simulation study when summary vaccine models was
operating. The initial values of infection rates have been presented in Table 4.3. Finally,
we estimate vaccine efficacy from simulated epidemics using all three models. But those

three models were used separately in simulation. Next section we describe the estimation
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of vaccine efficacy from simulated data.

4.3 Estimation of vaccine efficacy from simulated epi-
demics

After simulating epidemics we estimate vaccine efficacy from the final outcome of epi-
demic. We used three different models mention earlier to estimate vaccine efficacy. As
those three models were used separately R codes used in simulation are also presented
separately in the appendix. R codes presented by Figures A2, A3, A4 in appendix were
used to estimate vaccine efficacy parameters using Model 1, Model 2 and summary model

respectively.

Every simulation of epidemic path using initials susceptibles, infectives, and removals
gives us the eventual number of outbreak for each household of sizes 1, 2, 3, 4, and 5.
Using the household’s final outbreak size we estimate attack rates in both unvaccinated
and vaccinated group using formula (3.18)-(3.19) for Model 1, (3.33)-(3.34) for Model
2, and (3.54)-(3.56) for summary vaccine model. Transmission rates are then calculated
using formula (3.24)-(3.25) for Model 1 and (3.57)-(3.59) for summary model. It is not
necessary to calculate transmission rate for Model 2 as it measures vaccine efficacy in
terms of attack rate. Finally vaccine efficacy then estimated from transmission rates and
attack rates using formula (3.26) for Model 1, (3.35) for Model 2 and (3.60) for summary
vaccine model. During simulation, estimates of vaccine efficacy was varying from one
simulation run to another run as household final outbreak size were varying associated
with simulation run. Thus, the final estimates of vaccine efficacy parameters were taken
from the average 100 simulations run. Accordingly, standard error is also computed
for all estimators of vaccine efficacy parameters. We estimate vaccine efficacy for each

household of different sizes using all models. Results of estimated vaccine efficacy from
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simulated epidemics have been presented in Table 4.4.

Table 4.4: Estimated vaccine efficacy from simulated data for all models

Model 1 Model 2 Summary Model
HH size | VE SE VE SE VE SE
n=1 | 0.740 0.0022 | 0.601 0.00001 | 0.715  0.0131
0.692 0.0013 | 0.600  0.000 | 0.654  0.0155
0.690 0.0009 | 0.601 0.00002 | 0.676  0.0252
0.702 0.0028 | 0.602 0.0001 | 0.632  0.0432
0.689 0.0041 | 0.600  0.0000 | 0.689  0.0878

Sﬁﬁ.’j
Tk W N

The estimates of vaccine efficacy using three models differ from each others. For each
household, Model 1 gives greatest estimates of vaccine efficacy, followed by summary
vaccine model while Model 2 gives lowest estimates. That is, Model 2 gives lower bound
for summary vaccine models while Model 1 gives upper bound. Estimation through
simulations study gives lower standard error for all vaccine efficacy estimators of all
models. Estimates for vaccine efficacy have different interpretations for Model 1 and
Model 2. For example, in case of household of size 5, estimate of vaccine efficacy using
Model 2 is 0.600, then the interpretation is that 60% of the vaccinated are completely
protected from infection. For Model 1 the estimate is 0.689, then the interpretation is

that the transmission rate given exposure to one infective is reduced by 68.1%.

Again, estimates of vaccine efficacy between households of different size differ slightly for
every model. For Model 2 estimates between the households almost the same. It is due
to the fact that we assumed constant protection of vaccine across the all households. For
both Model 1 and summary models, household of size 1 gives greatest estimates while
for Model 1 household size of 5 gives lowest and for summary model household of size 3

gives lowest estimates of vaccine efficacy.

Though household of different size gives different estimates of vaccine efficacy but esti-
mates for all households of the same size will be equal as we assumed transmission rates

in all household of same size are equal. A simulation study for estimating vaccine efficacy
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in 400 households of equal size 5 conducted by Haber et al. (1991b) estimated the same
estimates for . Therefore, if we consider a large community with several households, for
example 500, of sizes 1, 2, 3, 4, and 5 then the results we have estimated from simulation

study can be generalized for such large community.

4.4 Estimation of vaccine efficacy from numerical
analysis

We also estimate vaccine efficacy from numerical solution of differential equations (3.4)-
(3.26) for Model 1, (3.27)-(3.35) for Model 2, and (3.36)-(3.60) for summary model that
are discussed in Chapter 3. All initial conditions used in stochastic simulations like
household structure given in Table 4.1 and parameters value given in Table 4.2 and
Table 4.3 are remained the same for this numerical solutions. In numerical analysis we
observed the results of initial susceptibles, infectives and removals at each small time
interval At = 0.1 up to end of time 10. We also find the solution taking more small
time interval At = 0.01 to observe whether any difference exist in approximation. In
both cases, the number of susceptibles, infectives and removal cases among vaccinated
and unvaccinated at each household are computed at time (¢ + At) using the recursive

formula as given below

Snu(t+At) = S, .(t) — Snu(t){i Bt Lo (t) + Lo (1)) JAL

Lu(t + A1) = Inu(t) + Sn,u(t){i BrikeaTku(t) + Iio(£)) JAL — I u(t) At

Ruou(t+At) = R,.(t) +~vL,.(t)At

In both cases, at the end of period 10 we got eventual number of susceptibles, infec-

tives and removals. From those final outbreak size we estimate household attack rates,
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transmission rates and finally estimate vaccine efficacy for three models using the same
formula mentioned in simulation study that are used to estimate those rates and vaccine
efficacy. But here we took results of one run as numerical analysis gives the same results
for every run. Vaccine efficacies for three models estimated from the numerical analysis
are given in Table 4.5. For Model 2 we set o = 0.6, proportion of immune due to vaccine.
For summary models « is considered as the proportion of vaccinated with lower suscep-
tibility compared to the remaining proportion of vaccinated,(1 — «), and unvaccinated.

R programming language was also used to find the solution.

Table 4.5: Estimated vaccine efficacy from numerical analysis for all models: Model
1(M1), Model 2(M2), Summary Model (SM)

At=0.1 At=0.01
HH size | VE (M1) VE (M2) VE (SM) || VE (M1) VE (M2) VE (SM)
n=1 0.745 0.600 0.715 0.745 0.600 0.715
n=2 0.691 0.600 0.649 691 0.600 0.649
n=3 0.693 0.600 0.641 0.693 0.600 0.641
n=4 0.709 0.600 0.632 0.710 0.600 0.632
n=5 0.680 0.600 0.669 0.679 0.600 0.669

Estimates of vaccine efficacy from numerical analysis for threes models differ significantly
but gives almost similar estimates in both cases of time interval. Only estimates for
household of sizes 4 and 5 differ slightly at the 2nd digit. Vaccine efficacy for Model 2

gives the exact results of @ = 0.6. Estimates between households also differ slightly.

4.5 Comparisons of results between simulation study

and numerical analysis

In stochastic simulation the estimates of parameters usually vary from one simulation run
to other one. Thus, we estimated vaccine efficacy from the average of 100 simulations. On

the other hand, numerical analysis gives the same result in every run. Thus, we estimate
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vaccine efficacy from one run of numerical analysis. The estimate of vaccine efficacy from
both approach slightly differ particularly for Model 1 and summary model. This kind of
dissimilarity in results of numerical analysis and simulation study may happen. But in
terms of robustness we prefer estimates of simulation study as it can be generalized to

whole population.

4.6 Estimation of fraction of population to be vacci-

nated

In Chapter 3 we also discussed estimation of the threshold value of the fraction of the
population that has to be vaccinated to stop epidemic. In this section we estimate
the fraction of population to be vaccinated using the estimated vaccine efficacy from
simulation study and numerical analysis. Estimation procedures described in Chapter 3
indicates that estimation of such fraction depends on vaccine efficacy and basic reproduc-
tion number Ry. By definition of basic reproduction number we know that an epidemic
will occur if Ry > 1 in the absence of vaccination. Here we estimate the fraction of
population to be vaccinated to stop such epidemic. To estimate that fraction we assume
that the basic reproduction number at Ry = 2. Again we already have estimated vaccine
efficacy in Table 4.4 and table 4.5. Thus, using the formula (3.71) for Model 1, (3.73)
Model 2, and (3.75) for summary model we can estimate the fraction of population to be
vaccinated. The estimates of the fraction f* of the population that has to be vaccinated
to stop epidemic for all threes models has been presented in Table 4.6. All estimates in
Table 4.6 show that more than 70% of population has to be vaccinated before starting
an epidemic to stop it. These estimates are based on the current estimates of vaccine
efficacy found from simulation study and numerical analysis. These estimates of fraction

of population will be change if there is any change in estimates of vaccine efficacy.
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Table 4.6: Estimates of fraction of population to be vaccinated using Model 1(M1), Model
2 (M2) and Summary Model (SM)(Basic reproduction number assumed as Ry = 2)

Simulation results Numerical analysis
HH size f* (M1) f* (M2) f*(SM) | f* (M1) f*(M2) [f*(SM)
n=1 0.678 0.831 0.699 0.671 0.833 0.699
0.727 0.833 0.765 0.723 0.833 0.770
0.730 0.831 0.776 0.721 0.833 0.780
0.719 0.830 0.790 0.705 0.833 0.791
0.732 0.833 0.752 0.735 0.833 0.747

bﬁﬁﬁ

I
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4.7 Conclusion

In this chapter an application of vaccine models described in Chapter 3 is provided using
simulated data as well as numerical solution of stochastic differential equations. Details of
simulation study and estimation procedures of vaccine efficacy have been described. We
also discussed the interpretations of results found from simulation study and numerical
analysis. In the next chapter we will discuss the robustness of the methods and models
that we applied to estimates vaccine efficacy in a population stratified into households

comparing to the methods and findings of other studies taken in similar population.
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Chapter 5

Discussion and Conclusion

Estimation of vaccine efficacy parameters depends on several assumptions related to
structure of population, mixing patterns either random or not,the routes of transmission
of infection agent, vaccine response, strategy of vaccination programme, study design,
sampling procedures etc. Most published works on vaccine efficacy assumed random
mixing throughout the population. In real world situation non-random mixing in a
population is common because population is usually partitioned into different groups or
obviously into households. The present work considered an epidemic of acute, directly
transmitted disease in a closed population of a large community that stratified into
households of different sizes. Then estimation of vaccine efficacy is described assuming
a vaccine that lowers the transmission rate to vaccinated persons but does not affect
the infectiousness of those vaccinated persons who became infected. Following Smith
et al. (1984) and then Haber et al. (1991a) we firstly define two vaccine models in
terms of transmission rates and household final attack rates. The transmission rate is
actually defined in terms of log transformation of final attack rates. Model 1 ,called leaky
vaccine model defined by equation (3.26), assumes that everyone is equally affected by
the vaccine, and Model 2, called all-or-nothing vaccine model defined by equation (3.35),

assumes that some of vaccinated completely protected while others have no protection.
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For both models estimation of transmission rates from attack rates and then estimation
of vaccine efficacy parameter has been discussed by a deterministic approach proposed

by Haber et al. (1991a).

Again, following Halloran et al. (1992) we define another vaccine model in terms of attack
rates, called summary vaccine model, on the basis of heterogeneity of vaccine action. This
vaccine model assume that vaccine action varies across the vaccinated strata. Thus, a
fraction, «, of vaccinated assumed to have lower susceptibility prior to start outbreak
compared to remaining proportion, 1 — «, of vaccinated but both strata have lower
susceptibility compared to unvaccinated. An weighted average of attack rate and then
transmission rate for vaccinated has been calculated from attack rates and transmission
rates of two vaccinated strata. Finally, vaccine efficacy defined comparing transmission
rates of unvaccinated and weighted transmission rates of vaccinated. We also discussed
estimation of summary vaccine efficacy when strata are identifiable and « is known as
well when strata are identifiable and o unknown. When strata are identifiable and «
known we can easily estimate attack rates in strata 1 and strata 2 from final outbreak
size and thus summary vaccine efficacy was defined by equation (3.60) in terms of attack
rates. On the other hand, when strata are not identifiable and o unknown at time ¢t = 0
we derived a bound for summary vaccine efficacy where Model 1 represents upper bound
while Model 2 represents the corresponding lower bound. The mathematical proof of

this inequality has been provided in Chapter 3.

This study provides an application of estimating vaccine efficacy in a stratified population
through both simulation study and numerical analysis. The simulation study was carried
out considering 5 initial households of each from one of sizes 1, 2, 3, 4, and 5 and
initial infection rates within and between households. The simulated epidemic paths
Jfrom the average of 100 simulations, in each household were presented by epidemic

curve(Figure 4.1-4.5). Throughout the study we assumed that vaccination is not random
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, i.e., at least a proportion of population has been vaccinated. We also assumed that
mixing distribution doesn’t depends on vaccination status. Estimates of vaccine efficacy
based on household final attack rates found from simulation study differ slightly between
households of different sizes. This phenomena holds true for all models. The estimates
of vaccine efficacy for all models have smaller bias. But comparatively Model 2 gives
smaller bias. This finding is analogous to those of Haber et al. (1991b) and Haber
et al. (1995) conducted in a stratified population considering all strata are of equal
size. Through a simulation study they showed that estimates are not affected if mixing
distribution depends on vaccination status. Simulation results of their model also showed
that Model 2 gives smaller bias than Model 1. But they didn’t apply summary model of
heterogeneity vaccine actions. On the other hand, both simulation and numerical analysis
results of the present study showed that estimates between models differ slightly. Model
2 gives the lowest estimate of vaccine efficacy while Model 1 gives the highest. That is,
estimate based on Model 2 provides the lower bound for summary vaccine model while
Model 1 provides the upper bound. Halloran et al. (1992) also estimated such lower and
upper bounds for summary vaccine efficacy using Model 2 and Model 1 respectively via

a simulation of epidemics in a randomly mixing closed population.

Again, we also estimates vaccine efficacy from a numerical analysis of stochastic differ-
ential equations. We find the solution taking time interval At = 0.1 and also At = 0.01.
For both cases provide the approximately the same results. The estimates of vaccine
efficacy from numerical analysis also differ slightly by size of households. Model 2 pro-
vides the lower bound for summary vaccine model while Model 1 provides upper bound.
Using estimated vaccine efficacies found from both simulation and numerical analysis
and basic reproduction number at Ry = 2 we also estimate the fraction of population
to be vaccinated before starting an outbreak. All estimates indicate that at least 70%

of population at each household has to be vaccinated to stop an epidemic. Haber et al

60



(1991a) also estimates such fraction in a study on measures of effectiveness of vaccination

programme in a randomly mixing population.

This study provides the estimation of vaccine efficacy in a population assumed to be
partitioned into households. In practice the population can also be partitioned in terms
of demographic, socioeconomic, and others social factors. For example, usually children
are more likely to become infected compared to adults (McLean et al. 1988; Anderson
et al. 1984). Conversely, vaccine may have different action between children and adults
(Anderson et al., 1984). So, within household children and adult can form two strata and
may have different transmission rate and also vaccine action. Therefore, vaccine efficacy
can be estimated considering such population partitioned into two steps: household then

children and adults.
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Appendix

The function singlesim in Figure A 1 gives the number of both unvaccinated and vacci-
nated susceptible, infectives and recovered individuals for each household after a single
time interval. Then onecompsim gives the same items after each single interval up to
size Nsteps=10.

The function fisim does onecompsim repeatedly 100 simulations times.
The function graph plots a graph for each of the onecompsim’s carried out in fisim.

The function mean finds the mean number of susceptible, infective , and recovered indi-
viduals at each interval using each of the simulations in fisim.

The allgraph function plots the mean values for each of the number of susceptible indi-
viduals, infective individuals and recovered individuals on the same set of axes.

The function VEM1 in Figure A 2 gives estimates vaccine efficacy of average of 100
simulations using Model 1. But before executing this code we have to execute function
singlesim and then onecompsim to generate epidemic paths. Similarly, VEM2 and VESM
presented by Figure A 3 and Figure A 4 give estimates vaccine efficacy using Model 2
and summary model.

Figure A 1: R codes for generating epidemics process in a population parti-
tioned into households

singlesim<-function(bllu,b12u,bi3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd42u,bd43u,b44u b45u,b51u,
b52u,b53u,bb54u,b55u,bllv,b12v,bl13v,bl14v,bl5v,b21v,b22v,b23v,
b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,b42v,bd3v,bd4dv,
b45v,b51v,bb52v,b53v,b54v,bb55v,
Siu,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,
S3v,I3v,R3v, S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v){
r<-0.20
tau<-1/r
alu<-rbinom(1,S1u,l-exp(-tau*(bllux(I1u+Ilv)+b12u*x(I2u+I2v)+
b13u* (I3u+I3v)+bildu* (T4u+I4v)+bl5u* (I5u+I5v))))
alv<-rbinom(1,S1v,exp(-tau*(bllv*(I1lu+Ilv)+b12v* (I2u+I2v)+
b13v* (I3u+I3v)+bl4v* (T4u+I4v)+b15v* (I5u+I5v))))
blu<-rxIiu
blv<-r*xIlv
a2u<-rbinom(1,S2u, 1l-exp(-tau*(b2lu*(Ilu+Ilv)+b22u*(I2u+I2v)+
b23u* (I3u+I3v)+b24u* (T4u+I4v)+b25ux (I5u+I5v))))
a2v<-rbinom(1,S2v, 1l-exp(-tau*(b21lv*(Ilu+Ilv)+b22v*(I2u+I2v)+
b23v* (I3u+I3v)+b24v* (T4u+I4v)+b25v* (I5u+I5v))))
b2u<-r*I2u
b2v<-r*xI2v
a3u<-rbinom(1,S3u, 1l-exp(-tau*(b31lu*x(Ilu+Ilv)+b32u*(I2u+I2v)+
b33u* (I3u+I3v)+b34u* (T4u+I4v)+b35u* (I5u+I5v))))
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a3v<-rbinom(1,83v, 1l-exp(-taux(b31lvx(Ilu+Ilv)+b32v*(I2u+I2v)+
b33v* (I3u+I3v)+b34v* (I4u+I4v)+b35v* (I5u+I5v))))

b3u<-r*I3u

b3v<-r*I3v

adu<-rbinom(1,S4u,1-exp(-tau* (b4d1lux (I1u+I1v)+b42u* (I2u+I2v)+
b43u* (I3u+I3v)+b44u* (T4u+I4v)+bd5ux (I5u+I5v))))

adv<-rbinom(1,S4v, l-exp(-tau*(b4lv*(Ilu+Ilv)+b42v*(I2u+I2v)+
b43v* (I3u+I3v)+bd4dv* (T4u+I4v)+bd5v* (I5u+I5v))))

b4u<-r*I4u

bdv<-r*xI4v

abu<-rbinom(1,S5u, 1-exp(-tau*x (b51ux (I1u+I1v)+b52u*x (I2u+I2v)+
b53u* (I3u+I3v)+bb4u* (I4u+I4v)+b55ux (I5u+I5v))))

abv<-rbinom(1,S85v,1-exp(-tau*x (b51v* (I1u+I1v)+b52v* (I2u+I2v)+
b53v* (I3u+I3v)+b54v* (T4u+I4v)+b55v* (I5u+I5v))))

bb5u<-r*xI5u

bbv<-r*xIbv

d<-runif (1)

ranlu<-max(alu*d,bluxd)

ranlv<-max(alvxd,blv*d)

ran2u<-max (a2u*d, b2u*xd)

ran2v<-max (a2v*d,b2v*d)

ran3u<-max (a3u*d, b3u*xd)

ran3v<-max (a3vxd,b3v*d)

ran4u<-max (adu*d, b4uxd)

randv<-max (adv*d,bdv*d)

ranbu<-max (abu*d, b5u*xd)

ran5v<-max (ab5v*d,b5v*d)

z<-c(S1u,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,
S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v)

j<-ifelse(c(ranlu>alu&ranlu<=alu+blu,ranlu>alu&raniu<=alu+blu,
ranlu>alu&ranlu<=alu+blu,ranlv>alv&raniv<=alv+blv,
ranlv>alv&ranlv<=alv+blv,ranlv>alv&ranliv<=alv+blv,
ran2u>a2u&ran2u<=a2u+b2u,ran2u>a2u&ran2u<=a2u+b2u,
ran2u>a2u&ran2u<=a2u+b2u,ran2v>a2v&ran2v<=a2v+b2v,
ran2v>a2v&ran2v<a2v+b2v,ran2v>a2v&ran2v<=a2v+b2v,
ran3u>a3u&ran3du<=a3u+b3u,ran3u>a3u&ran3u<=a3u+b3u,
ran3u>a3u&ran3u<=a3u+b3u,ran3v>a3v&ran3v<=a3v+b3v,
ran3v>a3v&ran3v<=a3v+b3v,ran3v>a3v&ran3v<=a3v+b3v,
randu>adu&randu<=adu+bdu,randu>adu&randu<=adu+b4u,
randu>adu&randu<=adu+bdu,randv>adv&randv<=adv+bdv,
randv>adv&randv<=adv+b4v,randv>adv&randv<=adv+biv,
ranbu>abu&ranbu<=abu+bbu,ranbu>abu&ranbu<=a5u+bbu,
ranbu>abu&ranbu<=abu+b5u,ran5v>abv&ran5v<=a5v+bbv,
ranbv>abv&ranbv<=abv+b5v,ranbv>abv&ran5v<=a5v+b5v) ,
c(81u,I1u-1,R1u+1,81v,I1v-1,R1v+1,S2u,I2u-1,R2u+1,82v,I2v-1,
R2v+1,S3u,I3u-1,R3u+1,83v,I3v-1,R3v+1,S4u,I4u-1,R4u+1,
S4v,I4v-1,R4v+1,S5u,I5u-1,R5u+1,S5v,I5v-1,R5v+1),z)

1<-ifelse(c(ranlu<=alu,ranlu<=alu,ranlu<=alu,ranlv<=alv,ranlv<=alv,
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ranlv<=alv,ran2u<=a2u,ran2u<=a2u,ran2u<=a2u,ran2v<=a2v,
ran2v<=a2v,ran2v<=a2v,ran3u<=a3u,ran3u<=a3u,ran3u<=a3u,
ran3v<=a3v,ran3v<=adv,ran3dv<=a3dv,rand4u<=adu,randu<=adu,
ran4u<=adu,randv<=adv,randv<=adv,randv<=adv,ranbu<=abu,
ranbu<=ab5u,ranbu<=abu,ranbv<=ab5v,ranbv<=abv,ranbv<=a5v),
c(81u-1,I1u+1,R1u,S1v-1,I1v+1,R1v,S2u-1,I2u+1,R2u,S2v-1,I2v+1,
R2v, S3u-1,I3u+1,R3u,S3v-1,I3v+1,R3v,S4u-1,I4u+1,R4u,S4v-1,
I4v+1,R4v,S5u-1,I5u+1,R5u,S5v-1,I5v+1,R5v) ,z)

x<-ifelse(c(ranlu<=alu,ranlu<=alu,ranlu<=alu,ranlv<=alv,ranlv<=alv,
ranlv<=alv,ran2u<=a2u,ran2u<=a2u,ran2u<=a2u,ran2v<=a2v,
ran2v<=a2v,ran2v<=a2v,ran3u<=a3u,ran3u<=a3u,ran3u<=a3u,
ran3v<=a3v,ran3v<=a3dv,ran3v<=a3v,randu<=adu,randu<=adu,
rand4u<=adu,randv<=adv,randv<=adv,randv<=adv,ranbu<=abu,
ranbu<=abu,ranbu<=abu,ranbv<=abv,ranbv<=abv,ranbv<=abv),1,j)

g<-ifelse(j==z&l==z,z,x)

g<-ifelse(c(ranlu==0,ranlu==0,ranlu==0,ranlv==0,ranlv==0,ranlv==0,
ran2u==0,ran2u==0,ran2u==0,ran2v==0,ran2v==0,ran2v==0,
ran3u==0,ran3u==0,ran3u==0,ran3v==0,ran3v==0,ran3v==0,
ran4u==0,rand4u==0,rand4u==0,randv==0,randv==0,randv==0,
ranbu==0,ranbu==0,ran5u==0,ran5v==0,ran5v==0,ran5v==0) ,z,q)

g}t

onecompsim<-function(Nsteps,Siu,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,
I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,
R4v,S5u,I5u,R5u,S5v,I5v,Rbv,
bliu,bl2u,b13u,bld4u,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,bd43u,bd44u b4d5u,
b51u,b52u,b53u,b54u,b55u,bllv,b12v,b13v,bldv,blbv,
b21v,b22v,b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,
b41lv,b42v,b43v,bd4v, b4bv,b51v,b52v,b53v,b54v,b55v){
P<-array(0,c(Nsteps,30))
Z<-array(0,c(Nsteps,30))
Y<-array(0,c(Nsteps,30))
P[1,]<-c(S81u,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,
S3v,I13v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v)
for(i in 2:Nsteps){
P[i,]<-singlesim(P[i-1,1],P[i-1,2],P[i-1,3],P[i-1,4],P[i-1,4],P[i-1,6],
pli-1,7]1,P[i-1,8],P[i-1,9],P[i-1,10],P[i-1,11],P[i-1,12],
P[i-1,13],P[i-1,14],P[i-1,15],P[i-1,16],P[i-1,17],
P[i-1,18],P[i-1,19],P[i-1,20],P[i-1,21],P[i-1,22],
P[i-1,23],P[i-1,24],P[i-1,25],P[i-1,26],P[i-1,6],
P[i-1,28],P[i-1,29],P[i-1,30]1)}
P}

fisim<-function(Simulations,Nsteps,Siu,Ilu,Rlu,S1v,I1v,R1v,S2u,I2u,R2u,
S2v,I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u, I4u,R4u,S4v,
I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v,
bllu,bl2u,bl3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,bd43u,bd44u b45u,
bb51u,bb2u,b53u,b54u,bb55u,bllv,bl2v,b13v,bl4v,blbv,
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b21v,b22v,b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,
b41v,b42v,bd3v,bd4v,bd5v,b51v,b52v,b53v,b54v,b55v) {
Q<-array(0,c(Nsteps,30,Simulations))
for(i in 1:Simulations)q{
Q[,,il<-onecompsim(Nsteps,S1iu,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,
I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,
S4v,I4v,R4v,S5u,I5u,Rb5u,S5v,I5v,Rbv,
bllu,b12u,bl3u,bld4u,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,b43u,bd4u b4d5u,
b51u,b52u,b53u,b54u,b55u,bllv,bl12v,b13v,b14v,bl5v,
b21v,b22v,b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,
b41iv,b42v,b43v,bd4dv,bd5v,b51v,b52v,b53v,b54v,b55v) }
print(Q)}

# a is for which part of three indicators:susceptible,

infective, removal in each household we want to plot,(a=1,...,30).
e.g, if we want to plot susceptible of HH 5 only then a=28,

for infective a=29, and for removal, a=30 and so on.

function(Simulations,Nsteps,Siu,Ilu,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,
I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S54u,I4u,R4u,S4v,I4v,R4v,
Sbu, I5u,R5u,S5v,I5v,Rbv,bl1u,bl2u,bl13u,bl4u,bl5u,b21u,
b22u,b23u,b24u,b25u,b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,
b43u,b44u b45u,b51u,b52u,b53u,b54u,b55u,bllv,bl12v,bl13v,
bl14v,blbv,b21v,b22v,b23v,b24v,b25v,b31v,b32v,b33v,b34v,
b35v,b41v,bd42v,b43v,bd4v ,b45v,b51v,b52v,b53v,b54v,b55v,a) {
plot(fisim(Simulations,Nsteps,Siu,Ilu,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,
I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,
R4v,Sbu,I5u,Rb5u,S5v,I5v,Rbv,
bllu,bl2u,bl3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,bd43u,b44u b45u,bb51u,
b52u,b53u,b54u,b55u,bllv,bl12v,bl13v,bldv,blbv,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,bd2v,bd3v,
b44v,b45v,b51v,b52v,b53v,bb4v,b55v) [,a,1] ,axes=FALSE, type="1",
ylim=c(0,S5u+I5u+R5u))axis(2,0: (S5u+I5u+R5u))
axis(1)
for(i in 2:Simulations)q{
lines(fisim(Simulations,Nsteps,Siu,Ilu,R1u,S1v,I1v,R1v,S2u,I2u,
R2u,S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,
I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,Rbv,
bllu,bl2u,bl3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,b43u,b44u b45u,bb51u,
b52u,b53u,b54u,b55u,bllv,bl12v,bl13v,bldv,blbv,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,bd2v,bd3v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v) [,a,i]l)}
}
mean<-function(Simulations,Nsteps,Siu,Ilu,R1u,S1v,I1v,R1v,S2u,I2u,R2u,
S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,
I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v,
bllu,b12u,b13u,bld4u,bl5u,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,bd43u,b44u b45u,b51u,
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b52u,b53u,b54u,b55u,bl11v,b12v,b13v,bl14v,bl5v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,bd1v,bd2v,b43v,
bd4dv ,b45v,b51v,b52v,b53v,b54v,b55v,a) {

Q<-1:Nsteps*0
for(i in 1:Nsteps){
Q[il<-sum(fisim(Simulations,Nsteps,Siu,Ilu,Rlu,Siv,I1v,Rlv, S2u,

Q}

I2u,R2u,S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,
S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,Rb5v,
b1liu,bl2u,bl13u,bl4u,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,b43u,bd44u b45u,b51u,
b52u,b53u,b54u,b55u,bl1l1v,b12v,b13v,bl14v,bl5v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,bd1v,b42v,b43v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v) [i,a,])/Simulations}

meangraph<-function(Simulations,Nsteps,S1iu,Ilu,R1u,S1iv,I1v,Rlv,

S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,Rb5v,
blilu,bl2u,bl3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,b43u,bd44u b45u,bb1u,
b52u,b53u,bb54u,b55u,bllv,b12v,b13v,bl4v,bl5v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,bd1v,b42v,b43v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v,a) {

plot(mean(Simulations,Nsteps,S1u,I1u,R1u,S1v,I1v,Rlv,

S2u,I2u,R2u,S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I14v,R4v,Sbu,I5u,R5u,S5v,I5v,Rbv,
bllu,bl12u,b13u,bld4u,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd42u,bd43u,bd4u b4bu,bs51u,
b52u,b53u,b54u,b55u,bll1v,b12v,bl13v,bl1d4v,b15v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,b42v,b43v,
b44v,bd5v,b51v,b52v,b53v,b54v,b55v,a) ,
type="1",col="red",ylim=c(0,S5v+I5v+R5v) ,xlab="Time",
ylab="Number" ,main="Number of S,I,R with respect to time")}

allgraph<-function(Simulations,Nsteps,Siu,Ilu,Rlu,Siv,I1v,Rlv,

S2u,I2u,R2u,S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,Rb5u,S5v,I5v,Rbv,
b1llu,b12u,bl13u,bl4u,blb5u,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,b43u,bd44u b45u,bblu,
b52u,b53u,b54u,b55u,b11v,b12v,b13v,bl14v,bl15v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,bd2v,b43v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v) {

plot (mean(Simulations,Nsteps,Siu,I1u,R1u,S1v,I1v,R1v,

S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,Rb5v,
bliu,bl2u,bl3u,bl4u,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,b43u,b44u b45u,bb51u,
b52u,bb53u,b54u,b55u,bl1lv,bl12v,bl13v,bldv,blbv,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,bd2v,b43v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v,28) ,
type="1",col="red",ylim=c (0,S5v+I5v+R5v) ,xlab="Time",
ylab="Number" ,main="Number of vaccinated
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S,I,R with respect to time at HH 5")
lines(mean(Simulations,Nsteps,S1u,Iiu,R1u,S1iv,I1v,R1lv,
S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v,
bliu,bl2u,bl3u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,b43u,b44u b45u,b51u,
b52u,b53u,b54u,b55u,bllv,bl12v,bl13v,bldv,blbv,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,b42v,bd3v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v,29) ,col="blue")
lines(mean(Simulations,Nsteps,Siu,Ilu,R1u,S1iv,I1v,R1lv,
S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,Rb5v,
b1lu,b12u,bl13u,bldu,blbu,b21u,b22u,b23u,b24u,b25u,
b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,bd3u,bd44u b4bu,bb51u,
b52u,b53u,b54u,b55u,bll1v,b12v,bl13v,bl14v,bl15v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,b41v,bd2v,bd3v,
b44v,b45v,b51v,b52v,b53v,bb54v,b55v,30) ,col="green") }}

Figure A 2: R codes for estimating vaccine efficacy using Model 1

VEM1i<-function(Nsteps,Siu,Ilu,R1u,S1v,I1lv,Rlv,
S2u,I2u,R2u,S2v,I12v,R2v,S3u,I3u,R3u,S3v,I3v,R3v,
S4u,I4u,R4u,S4v,I14v,R4v,S5u,I5u,R5u,S5v,I5v,Rbv,

bllu,bl2u,bl13u,bld4u,blbu,b21u,b22u,b23u,b24u,b25u,

b31u,b32u,b33u,b34u,b35u,bd41u,bd2u,bd43u,bd44u b45u,b51u,
b52u,b53u,b54u,b55u,bllv,bl12v,b13v,bldv,blb5v,b21v,b22v,
b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,bd1v,bd2v,b43v,
b44v,b45v,b51v,b52v,b53v,b54v,b55v) {

VE1<-numeric (100)

VE2<-numeric (100)

VE3<-numeric (100)

VE4<-numeric (100)

VES5<-numeric (100)

for (j in 1:100){

P<-array(0,c(Nsteps,30))

Z<-array(0,c(Nsteps,30))

Y<-array(0,c(Nsteps,30))
P[1,]<-c(S1u,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,S3u,I3u,

R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,S5u,I5u,R5u,S5v,I5v,R5v)

for(i in 2:Nsteps){
P[i,]<-singlesim(P[i-1,1],P[i-1,2],P[i-1,3],P[i-1,4],P[i-1,4],P[i-1,6],

fi<-1/1
f2<-1/2
£3<-1/3
f4<-2/4
£5<-3/5
AR1u<-0

P[i-1,7],P[i-1,8],P[i-1,9],P[i-1,10],P[i-1,11],P[i-1,12],

P[i-1,13],P[i-1,14],P[i-1,15],P[i-1,16],P[i-1,17],P[i-1,18],
P[i-1,19],P[i-1,20],P[i-1,21],P[i-1,22],P[i-1,23],P[i-1,24],
P[i-1,25],P[i-1,26],P[i-1,6],P[i-1,28],P[i-1,29],P[i-1,301)}
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AR1v<-P[Nsteps,6]/1

AR2u<-P[Nsteps,9]/1

AR2v<-P[Nsteps,12]/1
AR3u<-P[Nsteps,15]/2
AR3v<-P[Nsteps,18]/1
AR4u<-P[Nsteps,21]/2
AR4v<-P[Nsteps,24]/2
AR5u<-P[Nsteps,27]/2
AR5v<-P[Nsteps,30]/3

philu<-1*bllu*((1-f1)*AR1u+f1*AR1v)+2%b12u* ((1-£2)*AR2u+f2*AR2v)+
3*b13ux ((1-£3) *AR3u+f3*AR3v) +4*bl14u* ((1-f4) *AR4u+f4*AR4v) +
5xb15u* ((1-£5) *ARbu+f5*AR5V)
phi2u<-1%b21ux ((1-f1)*AR1u+f1*AR1v) +2%b22ux ((1-£2) *AR2u+f2*AR2v) +
3*b23u* ((1-£3) *AR3u+f3*AR3v) +4*b24u* ((1-f4) *AR4Au+f4*AR4v) +
5%b25u* ((1-£f5) *ARSu+f5*AR5v)
phi3u<-1%b31ux ((1-f1)*AR1u+f1*AR1v) +2%b32u* ((1-£2) *AR2u+f2*AR2v) +
3*b33u* ((1-£3) *AR3u+f3*AR3v) +4*b34u* ((1-f4) *AR4u+f4*xAR4v) +
5xb35u* ((1-f5) *AR5u+f5*AR5v)
phidu<-1*b41u* ((1-f1)*AR1u+f1*xAR1v)+2%b42ux ((1-£2) *AR2u+f2*AR2v) +
3*b43ux ((1-£3) *AR3u+f3*AR3V) +4*bddu* ((1-f4) *AR4u+f4d*xAR4v)+
5xb45ux* ((1-£5) *ARbu+f5*AR5v)
phibu<-1%b51u* ((1-£1) *AR1u+f1xAR1v) +2*b52ux ((1-£2) *AR2u+f2*AR2v) +
3*b53u* ((1-£3) *AR3u+f3*AR3v) +4*b54u* ((1-f4) *AR4Au+f4*AR4v) +
5*%b55u* ((1-£f5) *AR5u+f5*AR5v)

philv<-1%b1ivx((1-f1)*AR1u+f1*AR1v)+2%b12v* ((1-£2) *AR2u+f2*AR2v) +
3*b13v* ((1-£3) *AR3u+f3*AR3v) +4*b14v* ((1-f4) *AR4u+f4*AR4v) +
5xb15v* ((1-£5) *AR5u+f5*%AR5v)

phi2v<-1%b21v* ((1-£1) *AR1u+f1*AR1v) +n2*b22v* ((1-£2) *AR2u+f2*AR2v) +

3%b23v* ((1-£3) *AR3u+f3*AR3V) +4%b24v* ((1-f4) *AR4Au+f4*AR4v) +
5%b25v* ((1-f5) *ARSu+f5*AR5v)

phi3v<-1*b31v* ((1-f1)*AR1u+f1*xAR1v)+2%b32v* ((1-£2) *AR2u+f2*AR2v) +
3*b33v* ((1-£f3) *AR3u+f3*AR3v) +4*b34v* ((1-f4) *AR4u+f4*AR4v) +
5%b35v* ((1-£5) *ARbu+f5*AR5v)

phidv<-1%bdilvx ((1-f1)*AR1u+f1*AR1v) +2%b42v* ((1-£2) *AR2u+f2*AR2v) +
3*b43v* ((1-£3) *AR3u+f3*AR3v) +4*bd4v* ((1-f4) *ARAu+f4*AR4v) +
5xb45v* ((1-£5) *ARSu+f5*%AR5v)

phibv<-1%b51vx ((1-f1)*AR1u+f1*AR1v) +n2%b52v* ((1-£2) *AR2u+f2*AR2v) +

3*b53v* ((1-£3) *AR3u+f3*AR3Vv) +4*b54v* ((1-f4) *AR4Au+f4*AR4v) +
5xb55v* ((1-f5) *AR5u+f5*AR5v)

tau<-1/r

AR11u<- 1-exp(-tauw*philu)
AR11v<-1-exp(-tau*philv)
AR22u<- 1-exp(-tau*phi2u)
AR22v<-1-exp(-tau*phi2v)
AR33u<- 1-exp(-tau*phi3u)
AR33v<-1-exp(-tau*phi3v)
AR44u<- 1-exp(-tauxphidu)
AR44v<-1-exp(-tau*phidv)
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ARB5u<- 1-exp(-tau*phibu)
AR55v<-1-exp(-tau*phibv)
ARF<-c(AR11u,AR11v,AR22u,AR22v,AR33u, AR33v,AR44u, AR44v,AR55u,ARG5V)
#print (ARF)
VE1[jl<-1-(log(1-AR11v)/log(1-AR11u))
VE2[j]1<-1-(log(1-AR22v) /log(1-AR22u))
VE3[j]<-1-(1log(1-AR33v)/log(1-AR33u))
VE4[j1<-1-(log(1-AR44v) /log(1-AR44u))
VE5[j1<-1-(1log(1-AR55v) /log(1-AR55u))
}

vel<-sum(VE1) /100

ve2<-sum (VE2) /100

ve3<-sum(VE3) /100

ved<-sum(VE4) /100

ve5<-sum(VE5) /100

sel<-sqrt(var(VE1l))
se2<-sqrt(var(VE2))
se3<-sqrt(var(VE3))
se4<-sqrt(var(VE4))
seb<-sqrt (var (VE5))
SE<-c(sel,se2,se3,se4,seb)
VE<-c(vel,ve2,ve3, ved, veb)

print (VE)

print (SE)

}

Figure A 3: R codes for estimating vaccine efficacy using Model 2

VEM2<-function(Nsteps,Siu,Ilu,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,
S3u,I3u,R3u,S3v,I13v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,S5u,Ibu,
R5u,S5v,I5v,Rbv,bl1u,bl2u,b13u,bl4u,blibu,b21u,b22u,b23u,
b24u,b25u,b31u,b32u,b33u,b34u,b35u,bd1u,bd42u,bd3u,bd4u,
b45u,b51u,b52u,b53u,b54u,b55u,bllv,bl12v,b13v,bl14v,blbv,
b21v,b22v,b23v,b24v,b25v,b31v,b32v,b33v,b34v,b35v,bd1lv,
b42v,b43v,bd4v,bd5v,b51v,b52v,b53v,b54v,b55v) {

VE1<-numeric (100)

VE2<-numeric (100)

VE3<-numeric(100)

VE4<-numeric(100)

VE5<-numeric (100)

for (j in 1:100){

P<-array(0,c(Nsteps,30))

Z<-array(0,c(Nsteps,30))

Y<-array(0,c(Nsteps,30))

P[1,]<-c(81u,I1u,R1u,S1v,I1v,R1v,S2u,I2u,R2u,S2v,I2v,R2v,

S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,
S5u,I5u,R5u,S5v,I5v,R5v)
for(i in 2:Nsteps){
P[i,]<-singlesim(P[i-1,1],P[i-1,2],P[i-1,3],P[i-1,4],P[i-1,4],P[i-1,6],
P[i-1,7],P[i-1,8],P[i-1,9],P[i-1,10],P[i-1,11],P[i-1,12],
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P[i-1,13],P[i-1,14],P[i-1,15],P[i-1,16],P[i-1,17],P[i-1,18],
p[i-1,19],P[i-1,20],P[i-1,21],P[i-1,22],P[i-1,23],P[i-1,24],
p[i-1,25],P[i-1,26],P[i-1,6],P[i-1,28],P[i-1,29],P[i-1,30])}

fi<-niv/n1

£2<-n2v/n2

£3<-n3v/n3

f4<-ndv/né

£5<-n5v/nb

alpha<-0.6

AR1u<-0

AR1v<-(P[Nsteps,6]-alpha*1l)/1x(1-alpha)

AR2u<-P[Nsteps,9]/1

AR2v<-(P[Nsteps,12]-alpha*1)/1*(1-alpha)

AR3u<-P[Nsteps,15]/1

AR3v<-(P[Nsteps, 18] -alpha*2)/2*(1-alpha)

AR4u<-P[Nsteps,21]/2

AR4v<-(P[Nsteps,24]-alpha*2)/2*(1-alpha)

AR5u<-P[Nsteps,27]/2

AR5v<-(P[Nsteps,30]-alpha*3)/3*(1-alpha)

philu<-1*bllux((1-£1)*AR1u+(1l-alpha)*f1*AR1v)+2%b12u* ((1-£2) *AR2u+

(1-alpha) *f2*AR2v) +3*b13u* ((1-£3) *AR3u+ (1-alpha) *f3*AR3v) +4*b14ux*

((1-f4)*AR4u+(1-alpha) *f4*xAR4v) +5xb15ux ((1-£5) *ARbu+(1-alpha) *f5xAR5V)
phi2u<-1*%b21u*x ((1-f1)*AR1u+(1-alpha)*f1*AR1v) +2%b22u* ((1-£2) *AR2u+

(1-alpha) *£2%AR2v) +3%b23ux* ((1-£3) *AR3u+ (1-alpha) *f3*AR3v) +4*b24u*

((1-£4) *AR4u+(1-alpha) *f4*AR4v) +5*b25u* ((1-£5) *AR5u+(1-alpha) *f5*AR5V)
phi3u<-1%b31ux ((1-f1)*AR1lu+(1-alpha)*f1*AR1v)+2*b32u* ((1-£2) *AR2u+

(1-alpha) *f2*AR2v) +3*b33u* ((1-£3) *AR3u+(1-alpha) *£3*AR3v) +4*b34u*

((1-f4)*AR4u+(1-alpha)*f4*xAR4v) +5xb35u* ((1-£5) *ARbu+(1-alpha) *f5*AR5V)
phidu<-1%b41u*x ((1-£f1) *AR1lu+(1l-alpha)*f1*AR1v)+2%b42u* ((1-£2) *AR2u+

(1-alpha) *£2*AR2v) +3*b43u* ((1-£3) *AR3u+ (1-alpha) *f 2¥AR3v) +4*b44ux*

((1-f4)*AR4u+(1-alpha) *f4*xAR4v) +5xb45ux ((1-£5) *ARbu+(1-alpha) *f5xAR5V)
phibu<-1*b51u*x ((1-f1)*AR1u+(1-alpha)*f1*AR1v)+2%b52u* ((1-£2) *AR2u+

(1-alpha) *f2xAR2v) +3*b53ux ((1-£3) *AR3u+(1-alpha) *f2*xAR3v)+4*b54ux*

((1-£4)*AR4u+(1-alpha) *f4*AR4v) +5xb55ux ((1-£5) *AR5u+ (1-alpha) *f5*AR5V)

philv<-1*bl1lu*x((1-f1)*AR1u+(1-alpha)*f1*AR1v)+2*b12u* ((1-£2)*AR2u+
(1-alpha) *£2*AR2v) +3*b13u* ((1-£3) *AR3u+(1-alpha) *f3xAR3v) +4*b14ux*
((1-£4) *AR4u+(1-alpha)*f4*xAR4v) +5xb15u* ((1-£5) *ARbu+(1-alpha) *f5*AR5V)
phi2v<-1%b21ux ((1-f1)*AR1lu+(1-alpha)*f1*xAR1v)+2*b22u* ((1-£2) *AR2u+
(1-alpha) *f2*xAR2v) +3*b23ux ((1-£3) *AR3u+(1-alpha) *f3*AR3v) +4*b24ux*
((1-f4)*AR4u+(1-alpha) *f4*AR4v) +5*b25ux ((1-£5) *AR5u+(1-alpha) *f5*AR5V)
phi3v<-1%b31u*x ((1-f1) *AR1u+(1l-alpha)*f1*AR1v)+2%b32u* ((1-£2) *AR2u+
(1-alpha) *£2*AR2v) +3*b33u* ((1-£3) *AR3u+ (1-alpha) *f 3¥AR3v) +4*b34ux*
((1-f4)*AR4u+(1-alpha) *f4*xAR4v) +5xb35ux ((1-£5) *ARbu+(1-alpha) *f5xAR5V)
phidv<-1*b41u*x((1-f1)*AR1u+(1-alpha)*f1*AR1v)+2%b42ux ((1-£2) *AR2u+
(1-alpha) *f2*AR2v) +3%b43ux ((1-£3) *AR3u+ (1-alpha) *f3*AR3v) +4*bd4u
* ((1-£4) *AR4u+(1-alpha) *f4*AR4v) +5*b45u* ((1-£5) *ARSu+(1-alpha) *f5*xAR5v)
phibv<-1%b51lux ((1-f1)*AR1lu+(1-alpha)*f1*AR1v)+2*b52u* ((1-£2) *AR2u+
(1-alpha) *f2*AR2v) +3*b53u* ((1-£3) *AR3u+(1-alpha) *£3*AR3v) +4*b54u*
((1-f4) *AR4u+(1-alpha)*f4*xAR4v) +5xb55u* ((1-£5) *ARbu+(1-alpha) *f5*AR5V)
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AR11u<- 1-exp(-tauw*philu)
AR11v<-(1l-alpha)*(1-exp(-tauxphilv))
AR22u<- 1-exp(-tau*phi2u)
AR22v<-(1-alpha) * (1-exp (-tauxphi2v))
AR33u<- 1-exp(-tau*phi3u)
AR33v<-(1-alpha)* (1-exp (-tauxphi3v))
AR44u<- 1-exp(-tau*phidu)
AR44v<-(1-alpha) * (1-exp(-tauxphidv))
ARS5u<- 1-exp(-tau*phibu)
AR55v<-(1-alpha) * (1-exp (-tauxphibv))
VE1[j]<-1-(AR11v/AR11u)
VE2[j]<-1-(AR22v/AR22u)
VE3[j]1<-1-(AR33v/AR33u)
VE4[j]<-1-(AR44v/AR44u)
VE5[j1<-1-(AR55v/AR55u) }

vel<-sum(VE1) /100
ve2<-sum(VE2) /100
ve3<-sum(VE3) /100
ved<-sum(VE4) /100
ve5<-sum(VE5) /100
sel<-sqrt(var(VE1l))
se2<-sqrt (var (VE2))
se3<-sqrt(var(VE3))
se4<-sqrt(var (VE4))
seb<-sqrt (var(VE5))
SE<-c(sel,se2,se3,se4,seb)
VE<-c(vel,ve2,ve3, ved, veb)

print (VE)
print (SE)
}

Figure A 4: R codes for estimating vaccine efficacy using Summary Model

VESM<-function(Nsteps,Siu,Ilu,Rlu,S1v,I1v,Rlv, S2u,I2u,R2u,S2v,I2v,R2v,
S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,
S5u,I5u,R5u,S5v,I5v,R5v,bl11u,b12u,b13u,bl4u,blbu,b21u,
b22u,b23u,b24u,b25u,b31u,b32u,b33u,b34u,b35u,bd1u,bd2u,
b43u,b44u,bdbu,b51u,b52u,b53u,b54u,bb5u,bl11vl,bl2v1,b13v1,
bl4v1,b15v1,b21v1,b22v1,b23v1,b24v1,b25v1,b31v1,b32v1,
b33v1,b34v1,b35v1,bd1vl,bd42v1,bd43v1,bd4v1,bd5v1,bblvl,
b52v1,b53v1,b54v1,b55v1,bl1v2,b12v2,b13v2,
b14v2,b15v2,b21v2,b22v2,b23v2,b24v2,b25v2,b31v2,b32v2,
b33v2,b34v2,b35v2,b41v2,b42v2,b43v2,b44v2,b45v2,b51v2,
b52v2,b53v2,b54v2,b55v2) {

VE1<-numeric (100)

VE2<-numeric (100)

VE3<-numeric (100)
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VE4<-numeric (100)

VE5<-numeric (100)

for(j in 1:100){

P<-array(0,c(Nsteps,30))

Z<-array(0,c(Nsteps,30))

Y<-array(0,c(Nsteps,30))

P[1,]<-c(S1u,I1u,R1u,S1v,I1v,R1v, S2u,I2u,R2u,S2v,I2v,R2v,

S3u,I3u,R3u,S3v,I3v,R3v,S4u,I4u,R4u,S4v,I4v,R4v,
S5u, I5u,R5u,S5v,I5v,R5v)

for(i in 2:Nsteps){

P[i,]<-singlesim(P[i-1,1],P[i-1,2],P[i-1,3],P[i-1,4],P[i-1,4],P[i-1,6],
p[(i-1,7],P[i-1,8],P[i-1,9],P[i-1,10],P[i-1,11],P[i-1,12],
p[i-1,13],P[i-1,14],P[i-1,15],P[i-1,16],P[i-1,17],P[i-1,18],
P[i-1,19],P[i-1,20],P[i-1,21],P[i-1,22],P[i-1,23],P[i-1,24],
P[i-1,25],P[i-1,26],P[i-1,6],P[i-1,28],P[i-1,29],P[i-1,30])}

lembda<-0.6

nlvi<-1*lembda

nlv2<-1*(1-lembda)

n2vi<-1*lembda

n2v2<-1*(1-lembda)

n3vi<-2*xlembda

n3v2<-2*(1-lembda)

nd4vi<-2*xlembda

n4v2<-2*(1-lembda)

nbvi<-3*lembda

n5v2<-3*(1-lembda)

r<-0.20

tau<-1/r

fi<-1/1

fo<-1/2

£3<-1/3

f4<-2/4

£5<-3/5

AR1u<-0

AR1v1<-P[Nsteps,6] *lembda/nlvl
AR1v2<-P[Nsteps,6]*(1-lembda) /nlv2
AR2u<-P[Nsteps,9]/1
AR2v1<-P[Nsteps,12] *lembda/n2v1
AR2v2<-P[Nsteps, 12] *(1-lembda) /n2v1
AR3u<-P[Nsteps,15]/2
AR3v1<-P[Nsteps, 18] *lembda/n3v1
AR3v2<-P[Nsteps, 18] *(1-lembda) /n3v2
AR4u<-P[Nsteps,21]/2
AR4v1<-P[Nsteps,24]*lembda/n4vl
AR4v2<-P[Nsteps,24]*(1-lembda) /n4v2
AR5u<-P [Nsteps,27]/2
AR5v1<-P[Nsteps,30]*(1-lembda)/n5vi
AR5v2<-P[Nsteps,30] *(1-lembda) /nbv2

philu<-1%bliux((1-f1)*AR1lu+lembda*f1*AR1v1i+(1-lembda)*f1*AR1v2)+2*b12u* ((1-£2)
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*AR2u+lembda*xf2*xAR2v1+(1-lembda) *f2*%AR2v2) +3*b13u* ( (1-£f3) *AR3u+f3*1lembdax*
AR3v1+(1-lembda)*f3*xAR3v2) +4*xbl14u* ((1-f4) *AR4u+lembda*xf4*AR4vi+(1-1lembda)
*f4*xAR4v2) +5xb15u*x ((1-f5) *ARSu+lembda*f5*AR5v1+(1-lembda)*f5*AR5v2)

phi2u<-1%b21ux((1-f1)*AR1lu+lembda*f1*AR1vi+(1-lembda) *f1*AR1v2) +2*b22ux* ((1-£2)
*AR2u+lembda*f2*AR2v1+(1-1lembda) *f2*AR2v2) +3*b23u* ((1-£3) *AR3u+f3*1lembda
*AR3v1+(1-lembda) *f3*AR3v2) +4*xb24ux* ( (1-f4) *AR4u+lembda*f4*xAR4vi+(1-lembda) *
f4*xAR4Av2) +5*b25ux ((1-f5) *AR5u+lembda*xf5+%AR5v1+(1-lembda)*f5*xAR5v2)

phi3u<-1%b31u*x ((1-f1) *ARlu+lembda*f1*xAR1vi+(1-lembda) *f1*xAR1v2)+2*b32u* ((1-£2)
*AR2u+lembda*f2*AR2v1+(1-lembda) *f2*AR2v2) +3*¥b33u* ((1-£3) *AR3u+f3*1lembda
*AR3v1+(1-lembda) *f3*xAR3v2) +4*xb34u* ((1-f4) *AR4u+lembda*xf4*AR4vi+(1-lembda)
*f4*xAR4v2) +5%b35u* ((1-£5) *ARSu+lembda*f5*AR5v1+(1-1lembda)*f5*AR5v2)

phidu<-1%b41lux((1-f1)*AR1u+lembda*f1*AR1vi+(1-lembda)*f1*AR1v2)+2%b42u*
((1-f2) *AR2u+lembda*xf2*xAR2v1+(1-lembda) *f2*xAR2v2) +3*xb43u* ((1-£3) *
AR3u+f3*lembda*AR3vi+(1-lembda) *f3*xAR3v2) +4*bd4u* ((1-f4) *AR4u+
lembda*xf4*xAR4vi+(1-lembda) *f4*AR4v2) +5xb45ux* ((1-f5) *AR5u+lembda
*f5xAR5v1+(1-1lembda) *f5*AR5v2)

phibu<-1*b51u*x((1-f1) *ARlu+lembda*f1*xAR1vi+(1-lembda) *f1xAR1v2)+
2xb52u* ((1-f2) *AR2u+lembda*f2*xAR2v1+(1-1lembda) *f2*xAR2v2) +3*b53u*
((1-£3) *AR3u+f3*lembda*AR3v1+(1-lembda) *f3*AR3v2) +4*b44ux*x ((1-f4) *AR4u
+lembda*f4*AR4vi+(1-lembda) *f4*AR4v2) +5xb55u* ((1-f5) *AR5u+lembda*f5
*AR5v1+(1-1lembda) *f5*xAR5v2)

philvi<-1xb11v1i*((1-f1)*AR1u+lembda*f1*AR1v1i+(1-lembda)*f1*AR1v2)+
2*%b12v1*x ((1-f2) *AR2u+lembda*xf2*AR2v1+(1-lembda) *f2*xAR2v2) +3*b13v1*
((1-£3)*AR3u+f3*lembda*AR3v1+(1-lembda) *f3*xAR3v2) +4*xb14vi*x ((1-f4)
*AR4u+lembda*f4*AR4vi+(1-lembda)*f4*AR4v2)+5%b15v1* ((1-£5)
*ARSu+lembda*f5*xAR5v1+(1-1lembda) *f5*xAR5v2)

phi2v1<-1xb21vix((1-f1)*AR1lu+lembda*f1*AR1vi+(1-lembda)*f1*AR1v2)+
2%b22v1* ((1-£f2) *AR2u+lembda*f2*AR2v1+(1-lembda) *f2*AR2v2) +
3*%b23v1*((1-£3) *AR3u+f3*lembda*AR3vi+(1-lembda)*f3*AR3v2)+
4%b24v1i* ((1-f4)*AR4u+lembda*f4*AR4v1+(1-lembda) *f4*AR4v2)+
5%b25v1* ((1-f5)*AR5u+lembda*f5 *AR5v1+(1-lembda)*f5*xAR5v2)

phi3v1<-1xb31v1i*((1-f1)*AR1lut+lembdaxf1*AR1v1+(1-lembda)*f1*AR1v2)+
2xb32v1* ((1-f2) *AR2u+lembda*xf2*AR2v1+(1-lembda) *f2*xAR2v2) +3*b33v1
*((1-£f3)* AR3u+f3*lembda*AR3vi+(1-lembda) *f3*AR3v2)+4*xb34vi*x((1-f4)
*AR4u+lembda*f4xAR4v1+(1-lembda) *f4*AR4v2) +5xb35v1* ((1-£5) *ARbu+
lembdaxf5«AR5vi+(1-1lembda) *f5*xAR5v2)

phidv1<-1%b41vi*((1-f1)*ARlu+lembda*f1*AR1v1+(1-lembda)*f1*AR1v2)+
2%b42v1* ((1-f2) *AR2u+lembda*f2*AR2v1+(1-lembda) *f2*AR2v2) +3*b43v1*
((1-£3) *AR3u+f3*lembda*AR3vi+(1-lembda) *f3*xAR3v2)+4*xbddv1x
((1-f4)*AR4u+lembda*f4d*AR4vi+(1-lembda) *f4*xAR4v2) +5xb45v1* ((1-f5)
*AR5u+lembdaxf5*xAR5v1+(1-1lembda)*f5*xAR5v2)

phibv1<-1xb51v1i* ((1-f1)*AR1u+lembda*f1*AR1v1i+(1-lembda)*f1*AR1v2)+
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2xb52v1x ((1-f2) *AR2u+lembda*f2*AR2v1+(1-lembda) *f2*xAR2v2)
+3%b53v1* ((1-£3) *AR3u+f3*lembda*AR3v1+(1-lembda) *f3*AR3v2)
+4xb54v1*((1-f4)*AR4u+lembda*xf4*xAR4vi+(1-lembda) *f4*AR4v2)+
5xb55v1* ((1-f5) *ARSu+lembda*f5%AR5v1+(1-1lembda) *f5*xAR5v2)

philv2<-1xb11v2*((1-f1)*AR1lut+lembdaxf1*AR1v1i+(1-lembda)*f1*AR1v2)+
2xb12v2* ((1-f2) *AR2u+lembda*f2*AR2v1+(1-lembda) *f2*xAR2v2) +
3*xb13v2* ((1-f3) *AR3u+f3*lembda*AR3vi+(1-lembda) *f3*AR3v2)+
4xb14v2* ((1-f4)*AR4u+lembda*f4*AR4v1+(1-lembda) *f4*xAR4v2) +
5%b15v2* ((1-f5) *ARS5u+lembda*xf5*AR5vi1+(1-lembda)*f5*AR5v2)

phi2v2<-1%b21v2* ((1-f1)*AR1lu+lembda*f1*AR1v1+(1-lembda)*f1*AR1v2)+
2xb22v2* ((1-f2) *AR2u+lembda*f2*xAR2v1+ (1-lembda) *f2*xAR2v2) +
3xb23v2* ((1-£3) *AR3u+f3*lembda*AR3v1+(1-lembda) *f3*AR3v2)+
4xb24v2* ((1-f4)*AR4u+lembda*fd*xAR4v1+(1-lembda) *f4*AR4v2)+
5%xb25v2* ((1-f5) *ARSu+lembda*xf5*xAR5v1+(1-lembda)*f5*%AR5v2)

phi3v2<-1xb31v2* ((1-f1) *AR1u+lembda*f1*AR1v1i+(1-lembda)*f1*AR1v2)+
2*%b32v2* ((1-f2) *AR2u+lembda*f2*xAR2v1+(1-lembda) *f2*xAR2v2) +
3%xb33v2* ((1-£3) *AR3u+f3*lembda*xAR3v2+ (1-lembda) *f3*AR3v2)+
4xb34v2* ((1-f4)*AR4u+lembda*f4d*xAR4vi+(1-lembda) *f4*AR4v2)+
5%b35v2+* ((1-f5) *ARSu+lembda*f5*AR5v1+(1-lembda)*f5+*AR5v2)

phidv2<-1xb41v2x ((1-f1)*AR1u+lembda*f1*AR1vi+(1-lembda)*f1*AR1v2)+
2%b42v2+* ((1-£2) *AR2u+lembda*f2*xAR2v1+(1-lembda) *f2*AR2v2) +
3*%b43v2* ((1-£3) *AR3u+f3*lembda*AR3vi+(1-lembda) *f3*AR3v2)+
4xbd4v2* ((1-f4)*AR4u+lembdaxf4*AR4v1+(1-lembda)*f4*AR4v2)+
5xb45v2* ((1-f5) *ARSu+lembda*f5*AR5v1+(1-lembda)*f5*xAR5v2)

phibv2<-1%b51v2* ((1-f1)*AR1u+lembda*f1*AR1v1+(1-lembda)*f1*AR1v2)+
2*%b52v2* ((1-f2) *AR2u+lembda*f2+AR2v1+(1-1lembda) *f2*AR2v2) +
3%b53v2#* ((1-£3) *AR3u+f3*lembda*AR3v1+(1-lembda) *f3*AR3v2)+
4xb54v2*  ((1-f4)*AR4u+lembda*f4*ARAv1+(1-lembda)*f4*AR4v2)+
5xb55v2* ((1-£f5) *AR5u+lembdax*f5*AR5v1+(1-lembda)*f5+%AR5v2)

AR11u<- 1-exp(-tau*philu)

AR11vi<-1-exp(-tau*philvl)

AR11v2<-1-exp(-tau*philv2)

AR22u<- 1-exp(-tau*phi2u)

AR22v1<-1-exp(-tau*phi2vl)

AR22v2<-1-exp(-tau*phi2v2)

AR33u<- 1-exp(-tau*phi3u)

AR33v1<-1-exp(-tau*phi3vi)

AR33v2<-1-exp(-tau*phi2v2)

AR44u<- 1-exp(-tau*phidu)

AR44v1<-1-exp(-tau*phidvl)

AR44v2<-1-exp(-tau*phidv2)

AR55u<- 1-exp(-tau*phibu)

AR55v1<-1-exp(-tau*phibv1)

ARB5v2<-1-exp(-tau*phibv2)

AR11v<-lembda*log(1-AR11v1)+(1-lembda)*log(1-AR11v2)

AR22v<-lembdax*log(1-AR22v1)+(1-lembda) *log (1-AR22v2)
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AR33v<-lembda*log(1-AR33v1)+(1-lembda)*log(1-AR33v2)
AR44v<-lembda*log(1-AR44v1)+(1-lembda)*log(1-AR44v2)
AR55v<-lembda*log(1-AR55v1)+(1-1lembda)*log(1-ARB5v2)
VE1[j1<-1-AR11v/log(1-AR11u)

VE2[j]<-1-AR22v/1log (1-AR22u)
VE3[j]1<-1-AR33v/log(1-AR33u)
VE4[j1<-1-AR44v/log(1-AR44u)

VES5[j]<-1-AR55v/1og (1-AR55u)

}

vel<-sum(VE1) /100

ve2<-sum(VE2) /100

ve3<-sum(VE3) /100

ve4<-sum(VE4) /100

veb<-sum (VE5) /100

sel<-sqrt(var(VE1))

se2<-sqrt (var(VE2))

se3<-sqrt(var(VE3))

se4<-sqrt(var(VE4))

seb<-sqrt(var(VE5L))

SE<-c(sel,se2,se3,se4d,seb)

VE<-c(vel,ve2,ve3, ved, veb)

print (VE)

print (SE)

}
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