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SUMMARY

Let X be a non-negative r.v. with continuous cdf Fy ( ), where 1 and o are the
location and scale parameters respectively. This paper deals with the estimation
of the Bonferroni and Total Time on Test (T'TT) function defined as Bp(u,0) =
Tare 1Pkt 0 [y Qo(t)dt} and Ty(u,0) = pBy(n,0) + (1 — p) LEZ98E, re-
spectively for 0 < p < 1, (Qo(t) is the quantile function of Fy(z)) based on a few
optimally selected order statistics when the sample size n is large. We use the
asymptotically best linear unbiased estimators (ABLUE) of (p, o) based on an ar-
bitrary set of k < n order statistics ((r,), T(ry)y - s T(r,,)) With ranks (r1,--- ,7%)
satisfying 1 <r; <712 <--- <1, < n to define the estimate of the Bonferroni and
TTT function and study the asymptotic efficiency property of these estimates.
We propose how to obtain the optimum order statistics maximising asymptotic
relative efficiency (ARE) of the estimator (relative to complete sample estimates).
General theory as well as specific case studies are given for the Gamma, Expo-
nential and Pareto distributions.
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1 Introduction

In the quest of measure of poverty and wealth, and income inequality, apart from Lorenz Curve,
Bonferroni (1930) proposed a measure B, which has suitable properties for studying wealth and
income inequality. Compared with analogous indices such as Lorenz curve, it is also more sensitive
to low levels of income distribution. This peculiarity makes the Bonferroni measure, B, very useful
in constructing poverty index. However, usefulness of the Bonferroni curve and Bonferroni index,
B, is to apply it to lifetesting and reliability (survival) studies. From practical point of view, one
may consider a company who wants to evaluate the reliability of its own equipment in terms of
component lifetimes to make replacement in adequate time. The analysis of life testing provides
techniques which can also be used in longitudinal demographic surveys or in medical follow-ups
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where one can be interested in life time of a group of cancer patients, in the clinical conditions,
undergoing the same medical treatments.

Let X be a non-negative random variable with continuous cdf Fy (w—;’i) and pdf %fo (w—;’i)
Here p and o are the location and scale parameters of the distribution. Then the Bonferroni curve
is defined by

Byli0) = wepi {nva [ Quteyar|

where z = (z — p)/o and Qo(t) is the quantile function of the cdf Fy(z) defined by Qo(t) = inf{z :

F(z) > t}. Since a;;p

about the second derivative sign. Bonferroni curve may be convex or concave in some parts of the

> 0, the graph of Bp(u,o) is strictly increasing but we cannot say anything
range of p(0 < p < 1). Then the Bonferroni Index B, is given by

1
po1- [ B
0

Also, if By (u,0) > BY (u,0), then the random variable X is stochastically larger than Y which
orders the random variables X and Y.
Now, consider the TTT function, Tp(u, o) defined by

(1-p)
n+oE(z)

~ e e {a-pew+ [ aoal].

We may note that the Lorenz curve is given by

Ty(n,0) = pBy(p, o)+ {p+0Qo(p)}

Ly, o) o [ Qua}.

1

- pu+oE(z) {
Clearly, the Bonferroni curve By(u, o) is always above the Lorenz curve and it is below the TTT
curve Tp(pt,0). Further, if X = Y ie. Fi(y) > Fi(z), then B) (u,0) > B} (u,0) and T, (p,0) >
T, (u, o) which means that Fz(y) is more IHR (increasing hazard rate) or less DHR (decreasing
hazard rate) than Fi(z). Thus, estimation of By (u, o) and T, (11, 0) served as the characteristics
of the failure distributions when comparisons are made of two or more failure distributions. In this
regard readers are referred to Bonferroni (1930), Giorgi (1998), Chandra and Singapurwalla (1981),
Klefsjo (1984), Pham and Turkkan (1994) and Lorenz (1905) among others.

Let X1,---, X, be a sample of size n from Fy (“=%). Our problem is to estimate B,(u, o) and
Ty(p, o) based on a few selected k (< n) sample quantiles (2(,,), Z(ry), " - » T(ry)), Where r; = [nX;]+
1,¢=1,---,k and A1, A2, -+, A\x are given fixed spacing satisfying 0 < A1 < A2 < --- < A < L.

Parameter estimation based on a few selected sample quantiles was initiated by Ogawa (1951) and
expanded by Saleh (1966) and Hassanein (1968, 71,77) among others. Not much work have been
done on the problem of estimating the Bonferroni function Bj(p, o) and TTT function Tp(u, o)
which is used in economic measures of inequality of income or variability in income distribution. In
survival analysis and reliability one may use the two functions to measure the inequality of survival

times or reliability of component equipment or variability of survival time or reliability.
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These two functions may bring ordering to compare the amounts of inequality in two or more
survival distributions.

In this paper, we present in Section 2 asymptotic theory to obtain asymptotically best linear
unbiased estimates (ABLUE) of p and o of Fy (”—;’i) Not much work has been done on the problem
of estimating the Bonferroni and TTT functions based on a few selected order statistics from a large
sample. This problem of estimation of these functions based upon a fraction of the sample, say,
the observations (2(,,),%(ry), " ,T(r,)) is relevant to these functions analysis. One may use the
optimum estimators of p and o, say u* and o based on a subset of order statistics and consider
B,(p*,0") or Tp(u*,0") as an estimate for Bp(p, o) or Tp(p, o) but not much is known about the
properties of such an estimator. This paper is concerned with the theoretical justification, behaviour
and properties of such estimators when the sample size n is large. In this paper, the theory will be
utilized to study the properties of estimates of the two functions for the two-parameter Exponential,

Pareto and Gamma distributions.

2 Asymptotic Theory of Least Square Estimation

Let (x1,22, -+ ,®y) be a random sample from a cdf Fy (£3£) with pdf £ fo (£3£) where p and o are
unknown location and scale parameters respectively.

Let £(1), & (2), - , T (n)) be the order statistics corresponding to the sample and let (z(r,y, (r0)s" "+, T(r,))
be the k(< n) order statistics with ranks ri,r2,--- 7 satisfying the relation r; = [nA;] + 1,
j=1,---,k 0 < XA < A2 < -+ < A <1, where [ ] is the Euler’s notation for the integer
contained in [ ]. Mosteller (1946) showed that (z(m,), T(ry), " ,ZT(r,)) follows a k-vector normal
distribution with mean vector (u + ou1,p + ous,- -+, pu + ouy)' and covariance matrix "TL—ZV where

Vo= ((vniry))

Uj an{ZFO(Z)Z/\J}7.]:172)7k
- _ -1
Urry = (AN = Xi) {fo [F T(A)] fo [Fo ' (W)}
Using Gauss-Markov theorem, we obtain the ABLUE of p and ¢ by minimizing
(X(_) — ,ulk — ou)’ V_l (X(_) — /l,lk — O'U) y

!
where X() = (X(T1)7X(7‘2)) ce 7X(7‘k)) , U = (U,1, o ,uk)', 1 = (1, ].7 T ,1)’.
With respect to p and o to obtain the normal equations

p (VT 4ot (1'VT) = TVTIX
p V) +ot (WVTe) = W VTIX

Let K; =1V 1, Ko =u/V lu, K3 =1V !'uand A = K1 Ko — K3.
Then, the ABLUE of p and o are

[(V'VTIX()) Ko — (w'VT'X()) Ks]

D= D=

[(WVTIX() K- (1'VTX()) Ks]
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Also K1, K> and K3 has the explicit forms given by

k+1

HASSANEIN & BROWN

(fi — fi=1)?
K ; Ai — i1
k1
K Z (fzuz)‘l—_fz;ikl)2
K; Z (fl fl—lA)i(f_lu/(iilft—luz—l)

i=1

where f; is the density function at the A;-quantile i.e. f; = f(ui), fo = fe+1 =0, Ao =0, Adgy1 =1
and [ f(x)ds = .

Then one can varify (see Sarhan and Greenberg, 1962) that the covariance matrix for (u*, o)
is given by

0'2 K2 —K3
nA _Ks K,

Thus, Var(u®) = %Kz, Var(o®) = %Kl and Cov(p*,0") = %K&

3 Estimation of a Function of Location and Scale Pa-
rameters

Now, we consider the point estimation of a function g(p, o) based on the sample quantiles X, y, X(y,y, -

Let p* and o™ be the ABLUE of p and o respectively based on X, ), X(7,),- , X(rp)-
Then, we propose g(u*,0") as the point estimate of g(u, o) based on the given k(< n) sample
quantiles.

To obtain the asymptotic variance of g(u*, o), we use the local linearization theorem as in Rao
(1965; pp 321). We note that asymptotic joint distribution of

(Ve —p) Ve —w}

is a bivariate normal with mean (0, 0) and variance covariance matrix given by

o | K —Ks
nA K K
Thus, using Rao (1965) we have
2 2
AsVarg(p",0") = AsVar(u") <%};")> + AsVar(c™) (6959/», a))
a

+ AsCov(p*, ™) <6g(8/:o)> (65’59’2")) (3.1)

s Xry)-
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evaluated at (pu* = p, 0" = o).
Upon simplification (3.1) yields
AsVarg(p*,o") = [UJ%KQ +wiK, — 2w1w2K3] /nA,

— 99(w,0) 99(p,0)
5 .

where wq and ws = 52
Let (f1,5) be the BLUE of MLE of (u, o)’ using all the observations. Let g(ji, ) be the point
estimate of g(u, o). Then we obtain

AsVarg(n,o) = [wffzz + ngu — 20.)1&12[12] /n|I|,
where

Iin In»
Io 122

I =

is the Fisher’s information matrix for (u, o).
Therefore, the asymptotic relative efficiency (ARE) of g(u*,0™) relative to g(fi, o) is given by

Ww'I tw

AREg:g] = KW’ W' = (w1, ws) (3.2)
with
K — K, Ks
Ks K>

To obtain the optimum spacings for the estimation of g(u*, o), we maximize (3.2) with respect
to (u1,u2, -+ ,ux) which involves the unknown w = (wi,w2)’. As such, we apply the Courant-
Fisher theorem (Rao, pp 48-53) and find the upper and lower bound of (3.2). Thus we have

WwI lw

Chmin IilK < ——
( )< wK tw

< Chupax (I7'K),

where Chmin(A) and Chmax(A) are the minimum and maximum characteristics roots of A. It is
well known that

Chmin(I_lK) + Chmax(I_lK) = tI‘(I_lK)
Chumin(I7'K) X Chyax (I 'K) = Det(I” 'K)
where tr(A) and Det(A) are the trace and determinant of the matrix A. Also

%tr(l_lK) > \/Chmin(rlK)Chmax(rlK).

Thus, we maximize the average ARE(AARE) give by
1 _ 1 .
Etr(I 'K) = 3 {(InaK1 + 111 K> — 2115 K3)} /(I Iz — )

with respect to (w1, uz, -, ug).
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Further
A
IK| = = (3.3)
T K] Il
. 1
Chmax(I7'K) = %tr(I‘IK) + % {r®@T'K) —4I7'K]|} 2
Thus, we may maximize (3.3) with respect to u = (u1,u2, - ,u;)" to obtain the optimum

spacings for the k-sample quantiles.
We now consider the details of the estimation of Bonferroni and TTT curve when the distribu-
tions are Gamma, Exponential and Pareto in the following sections.
4 Exponential Distribution
Let x1,--- ,x, be a random sample of size n from the exponential distribution
f(z) =0 ‘exp (-

Then the Bonferroni function of order p(0 < p < 1) is given by

T —

£)i o> 0>0

By(po) =1= -2 =p)(l = p)”"

Similarly, the TTT function is given by
(1-p)o o 2 1
1 o)=1-——"—"—— —(1- In(1 —
p(1,0) Lto 1 J( p)” In( p)

Both the Bonferroni and the TTT functions depend on (u, o) of the exponential distribution.
Our primary objective is the estimation of By(u,o0) and T,(p, o) based on say k(1 < k < n)
optimum order statistics. First we note that the MLE of B,(u, o) and T (p, o) are given by

= o

By(p,0) = 1- 1—p)ln(1—p)~*
(11, 0) ﬂ—{—&( p) In( p)
o (1-p)o o 2 1
d = 1 - — — (1 -— In(1 —
and Ty(ii,d) ito +ﬂ 6( p)"In(1 - p)
respectively, where
nTay — T n(T — xa))

and ¢ =

T n—1)

with variance-covariance matrix
2 1 1
J_ [ n—1 T -1 -|
]
n—1 n—1

Now to estimate Bp(u,o0) and Tp(u, o) curve based on an arbitrary set k(2 < k < n) of order
statistics we consider the order statistics determined by k real numbers A1, Aa,--- | A satisfying
the relation 0 < A\; < --- < Ax < 1 such that

ni =[n\]+1, i=1,2,--- k.
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The joint distribution of (m(nl), .- ,m(nn)) is k-variate normal with mean-vector (u+ou1,--- , u+
ouy)" and covariance matrix %V, where u; =In(1—X;)™Y, i =1,2,--- ;kand V = ((Vi;)), vii =
‘/ij :‘/JZ = (eui _1)) 1<], 1)321727 7k'

The inverse of v is V™' = ((V¥)), where

Vi,i — 62ui (6*%—1 _ 6*ui+1) / (6*1% _ 6*“i+1) (6*ui+1 _ 6*%‘4-2)
VRl =y =) (e7 — e i) VY =0 for [i—j > 1

Using the Gauss-Markov Theorem we minimize

(X(y = ple — Uu), v (X() — plp —ou)

with respect to p and o where X() = (Z(ny)," " 1 @(ny)) s 1k = (1,---,1)" a k tuple of 1’s and
u = (u1, - ,ur) to obtain the asymptotically best linear unbiased estimators (ABLUE) of u and
o as
o= T, 0w
o = bir)t+ e,
where
k
b _ 1 U2 — U1 I = (ui—uifl)
T Z euz —eu1 )’ - ; evi — e¥i—1
=2
b — l Ui —Ui—1 Uil — U
YT L \lew —e%i-1 eUitl —eui
by — 1 [ up —up—1
P OL \ewr — ekt

The variance-covariance matrix of the ABLUE is

2 ui vl _ ] 31
o | THE" -1 —F
n _up 1

L L .

The inverse of this matrix is given by

1 uq
-2 _ —
no | T EE (4.1)
Ul uj
el —1 el —1 +L J

The matrix (4.1) will be needed later to compute the asymptotic relative efficiency (ARE) of
the estimator of B, (u, o) and Tp(u, o) based on the optimum k order statistics.
Thus, we propose the estimates of By (u, o) and T (p, o) as

fay a

By(,5) = 1-

and T,(3,6) = 1- P9 9 (1 _p)2pm@a—p)?
nd T, (%, 0) u+0( p)”In(1 —p)
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respectively.

The asymptotic variance of Ep(ﬁ, o) and fp(ﬁ, o) may be obtained by the use of the local
linearization theorem as in Rao (1965, pp 32). We note that the matrix K for this problem is given
by

2
T -1 -

K= L
Ul 1
- i
Thus, we maximize
2
uy
T +L (4.2)
for (ui,u2,- - ,ur). Note that we can write (4.2) as
2 k 2
ui g _ (t; —ti—1)
i — 1 +e Qk—l,Qk—l—Zieti o1

i=1

with ¢t = 0 and ¢; = wi+1 — u;.
To maximize (4.2), we first consider the maximum of Qx—; say Q%_,. Then, we maximize (4.2)
subject to Qx_1 = Q%_;. Thus, we solve the equation in u; for fixed Qr_1 = Q% ;.

The solution of u; is the root of

2

u
6u11_1 =1+,/1-Q%_,, (4.3)

where p? =1— e~ is the spacing of the smallest order statistic. The rank of this order statistic is

n{ = [np{] +1

To obtain the remaining order statistics let A?,---  A?_, be the optimum spacing to obtain
Q%_,. These are optimum spacings to obtain the ABLUE of o alone (Ogawa, 1951). Then, (k — 1)

optimum spacings for Zp(ﬁ, o) are given by
Pl =p+ (1 —p)Xi, i=1,2, k-1
Hence, the ranks are given by
n{ =[mp)]+1, i=12k
The optimum ABLUE of p and o are

= Tn0 — 5°In(1— p(l))_1 , (4.4)
30 Zb?x(nj). (45)
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The coefficient (b7, ---,b%) are obtained by (Ogawa, 1951). Thus the optimum Lorenz curve
estimator is given by
B,1%3% = 1 % 1_ ) -1
p(i,07) = —m( —p)In(1 —p1)
1-p3° 3
1- 7= ~ =
pe+o°  p0+o

and T,(7°,5°) s(1=p)’In(1-p)"

with ARE given by

ARE = (1-p0) " (1 —p?) {In’(1 —p0)/p) + Q02— } .

4.1 Example 1.

Suppose we want to estimate B,(u,o) based on 6 order statistics in a sample of size 80 from
an exponential distribution. From Ogawa (1951) and Sarhan and Greenberg (1962), for k = 5,
the optimum spacings for o alone are A1 = 0.3478, A\» = 0.6042, A3 = 0.7828, A4 = 0.8978 and
Xs = 0.9631 and optimum u; by solving (4.3) is u = 0.4274. Thus, p} = 1 — e = .3478,
pY = 5746, pd = .7419, p§ = .8583, p? = .9333 and pd = .9759. The optimum ranks are then
n{ = 28, ny = 46, n3 = 60, n§ = 69, ng = 75 and ng = 79. The coefficients b}’s are b} = 0.3108,
b3 = 0.2228, b3 = 0.1492, b3 = 0.0902, b2 = 0.0456 and b2 = 0.0156. The ABLUE of y and o are

A’ = (g —0.42745°
G = 0.3108z(28) + 0.22287(46) + 0.14922 (69 + 0.0902(75) + 0.01562 (7g).

The estimate of B,(u,0) and T,(u°, %) based on fi° and 5° is

~0
= 0 ~ a _
BP(HO)UO) = 1_ﬁ0+30(1_p)1n(1_p1) '
~ 0 1_ ~0 ~0 . _
7,006 = 1-UZP0 T gt

no + a0 o +o
The ARE of both of the estimators is 0.7892.

5 Pareto Distribution

In this section we consider the Benferroni and TTT curve corresponding to the Pareto distribution
is generally used to study the income distribution. Thus, Bonferroni curve describes the disparity
of income distribution in the case which is relevant to economic studies.

The Pareto distribution is given by the cdf
9 v
F(z,0,v)=1-— (—) , >0, v>0
x
The Bonferroni function of the distribution is given by

By )= {1--p 7} 0<pst
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depends only on 7. However, if we consider log-transformation, then log z is exponentially dis-
tributed with location parameter In # and scale parameter v .
Then, consider the Bonferroni function using log x distribution, we then have

-1\ _ 1 0 4 R
By(n,y™) =1 = g (1= p) In(1 = p) (5.1)

Now, the estimates of 4 = In# and v~ = o may be obtained using (4.4) and (4.5) as

[7, = E\& =In L(ny) — aul (52)
and ¢ = biln T(ny) +o+ by In (k) (53)

where § = e and 5 = ™. The estimate of (5.1) is obtained by substituting (5.2) and (5.3) in
(5.1). ARE expressions are the same as the exponential distribution.

6 Gamma Distribution

In this section, we consider the Bonferroni and TTT functions corresponding to the two-parameter

Gamma distribution defined by
o tmoo) = oo (F54) e {- (55)) ®

Here, x > p, 0 > 0 and o > 3. The Fisher’s Information matrix for this distribution is given by

oI where
1
7| as 1
1 «@
and
1_1 _ a—2 (0% -1
2
-1 53
Let =%, then we have from (6.1)
fo(z;0,1,a) = Lzo‘flefz 2>0 (6.2)
0 » Yy - F(Oé) ’ - Y- .

Let then Fy(z;0,1,a) be the cdf, consequently the quantile function of (6.2) is given by
Qo(\) = F5 '(2;0,1,0) = inf {z : Fy(z;0,1,a) > A}
and the Bonferroni and TT functions are then defined by

pp+ U/Op Qo(t)dt}

B+ aQo(p)
n+oE(z)

m{

and Tp(p,0) = pBp(p,0)+(1—p)

By (p,0)
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The estimate of By(u, o) is obtained by substituting the ABLUE of y and o, namely p* and

o based on k sample quantiles with ranks ni,no,--- ,ng, where

and the estimates p* and o* are given by

k
N* = Z a; Xn;
i=1

and

k
ot =) biX,,
i=1

respectively.
The optimum ranks n; are obtained by maximizing
tr(I7'K) = [(a—2)(aK —2K;5 + K>)]

or Chmaztr (I_lK) =

N~ N

[(a —2)(aK: — 2K3 + K»)] + i\/ﬁ

where C' = (a(a—2) K1 —K»)?+(a—2)(K3—(a—2)K:1)(aK3—K>). The values of A1, -+ , A\g, K1, Ko, K3

that maximize ¢tr (I7'K) and Chmactr (I7'K) respectively for « = 3(1)10 and k = 2(1)10 are given
in a table which is available on request from the first author.

6.1 Example 2

Assume that we want to estimate Bp(u, o) based on 6 oredr statistics in a sample of size 1000 from
a Gamma distribution. For k = 6, the optimum ranks for estimating p and o are A1 = 0.0003,
A2 = 0062, A3 = 0.0578, A4 = 0.3637, A5 = 0.7458 and A\¢ = 0.9432. Also, optimum U;’s are
U, = 0.1250, U, = 0.3654, Us = 0.8689, Us = 2.1641, Us = 3.8933 and Us = 6.1198. The
coefficients for estimating p are a1 = 0.2201, a> = 0.3905, as = 0.4581, a4 = 0.0964, a5 = —0.1047
and ag = —0.0603. The coefficients for estimating o are by = —0.0748, bo = —0.1271, bs = —0.1040,
by = 0.1047, bs = 0.1399 and bs = 0.0612. The optimum ranks are then nd =1, nd = 7, ng = 58,
ng = 368, n? = 746 and nd = 944.

The ABLUE for p and o are respectively p* = .2201x (1) +.39052(7) +.4581x (55) + .09642 (365) —
.10471‘(746) — .06031‘(944) and 0" = —0.48x(1) — .12711‘(7) — .10401‘(58) + .10471‘(368) + .13991‘(746) +
.06122 (944). The estimators based on p* and o* of the Bonferroni and TTT functions are given by

B,(p,o0) = m{?# +o /0 QO(t)dt}
N S _ )t Qo(p)
and Tp(u 70) - pBP(/"’ O )+(1 p) H* +O'*E(Z)

respectively.
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