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1 Introduction

Recent years have witnessed a surge of interest in the Bayesian analysis of Cox's (1972) proportional

hazards models. A very succinct account of the same is given in Ibrahim, Chen and Sinha (2001).

Although much of the Bayesian literature is devoted to semiparametric inference for these models,

some authors (e.g. Dellaportas and Smith, 1993) have considered fully parametric Bayesian analysis

of the same. In such cases, one common choice is a constant baseline hazard rate (Dellaportas and

Smith, 1993; Ibrahim, Chen and Sinha, 2001) which amounts to an exponential baseline distribution.

Typically, a conjugate gamma prior is assigned to the constant hazard rate. For the regression

vector, on the other hand, an oft recommended prior is either the multivariate normal or uniform

over the appropriate dimensional Euclidean space. While the former always ensures a proper

posterior, the same cannot necessarily be said of the latter when the uniform distributions have

in�nite support. However, use of the latter is not uncommon (e.g. Dellaportas and Smith, 1993;

Ibrahim, Chen and Sinha, 2001). Thus, it is of interest to �nd conditions under which the resulting

posteriors are proper, so that inference based on them becomes meaningful. To our knowledge, this

propriety issue has not been discussed elsewhere, in spite of its importance in Bayesian inference.

The paper addresses this problem in the special case of a simple linear regression, i.e. when the

regression vector is one-dimensional. As stated in the preceding paragraph, the baseline distribution

is assumed to be exponential. We have provided necessary and suÆcient conditions for the propriety

of posteriors in Section 2. Section 3 contains some concluding remarks.
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2 The Main Result

Suppose we have data on n individuals, of which there are d distinct event times and n � d right-

censored survival times. We denote the event times by t1; t2; � � � ; td and the survival times by

td+1; td+2; � � � ; tn. With an exponential baseline hazard distribution, the hazard rate �(tjx) in

Cox's proportional hazard model, in its generic version, is given by

�(tjx) = �exp(�x); t > 0;�1 < � <1:

This leads to the likelihood function

L(�; �) / �
d
exp[�

dX
i=1

xi � �

nX
i=1

tiexp(�xi)]: (2.1)

Consider the prior �(�; �) / exp(�a�)�b�1, where a > 0 and b > 0. Writing t = (t1; � � � ; tn),
the joint posterior is given by

�(�; �jt) / �
b+d�1

exp[�

dX
i=1

xi � �(a+

nX
i=1

tiexp(�xi))]:

Necessary and suÆcient conditions for the propriety of this joint posterior is equivalent to the

propriety of the marginal posterior of �, and the latter is given by

�(�jt) / exp(�

dX
i=1

xi)=[a+

nX
i=1

tiexp(�xi)]
b+d

: (2.2)

We now �nd necessary and suÆcient conditions for the propriety of this posterior, i.e. conditions

under which the integral (with respect to �) of the right hand side of (2.2) over (�1;1) is �nite.

We begin with the case d > 0, i.e. not all observations are censored. Let �xd = d
�1
Pd

i=1 xi,

xmax = max(x1; � � � ; xn) and xmin = min(x1; � � � ; xn). The �niteness, as stated above, will depend

on the interrelationship between �xd, xmax and xmin.

To this end, �rst we note that the expression in the right hand side of (2.2) is bounded above and

below by exp(�
Pd

i=1 xi)=[a+tmin

Pn

i=1 exp(�xi))]
b+d and exp(�

Pd

i=1 xi)=[a+tmax

Pn

i=1 exp(�xi))]
b+d

respectively, where tmin = min(t1; � � � ; tn) and tmax = max(t1; � � � ; tn). Hence, it suÆces to �nd

necessary and suÆcient conditions for �niteness of an integral of the form
R
1

�1

exp(�
Pd

i=1 xi)=[1+

c
Pn

i=1 exp(�xi))]
b+d

d�, c > 0. Further, with the transformation u = exp(�), this integral reduces

to Z
1

0

u

Pd
i=1 xi�1=[1 + c

nX
i=1

u
xi ]

b+d
du: (2.3)

We �nd now necessary and suÆcient conditions for �niteness of the integral given in (2.3). This

requires consideration of several di�erent cases. We begin with the situation when the xi are not

all equal, i.e. xmax � xmin > 0. The di�erent cases are considered separately.

Case 1. xmin < xmax � 0. Let A = 1 + c
Pn

i=1 u
xi . Then as u ! 0+, A = O(uxmin), while as

u ! 1, A = O(1). Accordingly,
R 1
0
[u
Pd
i=1 xi�1=A

b+d]du = I1, (say), is �nite if and only if (i)

d�xd � (b+ d)xmin > 0, while
R
1

1
[u
Pd
i=1 xi�1=A

b+d]du = I2, (say), is �nite if and only if (ii) �xd < 0.
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Note that (i) holds trivially in this case. Thus, (2.3) is �nite if and only if (ii) holds.

Case 2a. xmin � 0 < xmax. In this case, as u! 0+, A = O(uxmin), while if u!1, A = O(uxmax).

Thus I1 is �nite if and only if (i) holds, while I2 is �nite if and only if (iii) d�xd � (b+ d)xmax < 0

holds. Note that (iii) holds trivially in this case.

Case 2b. xmin < 0 � xmax. The necessary and suÆcient conditions for the �niteness of I1 and I2

are the same as in 2a. However, (i) holds trivially in this case.

Case 3. 0 � xmin < xmax. Here as u! 0+, A = O(1), while as u!1, A = O(uxmax). Hence, I1

is �nite if and only if (iv) �xd > 0, while I2 is �nite if and only if (iii) holds.

Next if all the xi are equal to zero, then the integrand given in (2.3) is proportional to u
�1,

which is not integrable over (0;1) implying the impropriety of the posterior. If on the other hand

all the xi are equal to x0(6= 0), then the integrand in (2.3) reduces to udx0�1=[1 + cnu
x0 ]b+d. Since

b > 0 and d > 0, the integral given in (2.3) is always �nite.

Finally, when d = 0, i.e. all the observations are censored, the integrand in (2.3) reduces to

u
�1[1 + c

Pn

i=1 u
xi ]�b. Since b > 0, this integral is �nite if and only if xmin < 0 < xmax.

3 Concluding Remarks

This note initiates the study of a topic of current interest. Further cases, both parametric and

semiparametric, can be considered. For example, one can study propriety of posteriors with Weibull

or lognormal baseline hazard distributions, or when the baseline hazard is generated from a Dirichlet

process or a Gamma process with independent increments. Also of interest is the consideration of

a general p-dimensional regression vector with in�nite support.
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