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summary

Recent likelihood asymptotics has produced highly accurate p-values for many

very general contexts. The terminal formulas for producing these p-values can

however have serious singularities in the neighbourhood of the maximum likeli-

hood value. The singularities near the maximum likelihood value are downstream

versions of those addressed by Daniels (1987) for the scalar saddlepoint context;

he provided an approximate value at the singularity which involved a standard-

ized third order cumulant. For a general statistical context we develop a third

order bridge for the p-value formula at the maximum likelihood singularity in the

case with no nuisance parameters, and a second order bridge at the singularity

for the case with nuisance parameters. We also develop a third order graphical

procedure for bridging the singularities; it handles both the cases without and

with nuisance parameters.
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1 Introduction

Recent likelihood methods lead to highly accurate p-values for scalar parameters without and

with nuisance parameters. These p-value formulas however can have serious computational

singularities in the neighbourhood of the maximum likelihood value. We develop a third

order bridge (3.1) or (3.2) that bypasses these singularities for the case without nuisance

parameters and a second order bridge (4.5) for the case with nuisance parameters; the latter

can however be diÆcult to compute. As an alternative, we develop a third order graphical

procedure for bypassing the singularity. This allows a full presentation of a p-value graph

even though in some applications the central portion of the graph may be just of secondary
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interest. For simulations however it is essential to be able to correctly handle central values;

Also, the central portion is of prime interest if we want a point estimate based on the median

p-value.

The saddlepoint method introduced to statistics by Daniels (1954) and Barndor�-Nielsen

& Cox (1979) gives a highly accurate approximation for a density function with known cumu-

lant generating function. Lugannani & Rice (1980) developed a corresponding distribution

function approximation as an alternative to the numerical integration of the approximate

density function. This distribution function approximation has a singularity at the sad-

dlepoint, which can be replaced (Daniels 1987) by its limiting value, a multiple of a third

order standardized cumulant. An alternative distribution function approximation was de-

veloped by Barndor�-Nielsen (1986) as part of extending results beyond the exponential

model context; this also has a related singularity.

These distribution function approximations quite generally use two rather di�erent in-

puts of information from likelihood. The �rst is almost always the signed square root r of

the log likelihood ratio given below at (1.2).

The second is an appropriately de�ned maximum likelihood departure q; the search for

the appropriate q has led to the progressively more general p-values now available from

likelihood asymptotics. The two inputs are combined using one or other of the following

two formulas and give a third order p-value for testing a scalar parameter value:

�LR(r; q) = �(r) + �(r)

�
1

r
�

1

q

�
; �BN(r; q) = �

�
r � r

�1 log(r=q)
	
: (1:1)

These are due to Lugannani & Rice (1980) and Barndor�-Nielsen (1986) respectively and

were developed for speci�c model contexts; �(r) and �(r) are the standard normal density

and distribution functions.

In the cases we consider, r is the signed square root of the log likelihood ratio statistic,

r( ; y) = sgn( ̂ �  )
h
2
�
`(�̂; y)� `(�̂ ; y)

	i1=2
(1:2)

where `(�; y) is the log likelihood,  (�) is the scalar interest parameter with tested value  ,

and �̂ and �̂ are the maximum likelihood values without and with the constraint  (�) =  .

The de�nition of q is less straightforward as it generally depends on more than just observed

likelihood; several expressions are recorded below at (2.2), (2.10), and (4.1). Both r and q

are standard normal to order O(n�1=2), but with the appropriately de�ned q the p-values

given by (1.1) are distributed under the model as uniform (0; 1) to order O(n�3=2).

We are assuming that we have a continuous statistical model f(y; �) with dimensions

n and p for y and �, and that  (�) is a scalar parameter of interest. The reduction in

dimension from n to p is achieved in principle by conditioning on an approximate ancillary

statistic, but in an application we need only the tangents to the approximate ancillary at

the data point of interest. It is shown in Fraser & Reid (1995, 2000) that these tangents

can be obtained from a full dimension pivotal quantity z = z(y; �); needed background is

recorded in Sections 2 and 3. The r and q in (1.1) are functions of  and y and are both close
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to zero when  is near  ̂(y). This poses obvious numerical diÆculties for the evaluation

of r�1 � q
�1 and r=q; see Figure 3.1 for an example of numerical perturbations near the

maximum likelihood value.

In Section 2 we record background on the asymptotic model with scalar variable and

parameter; we de�ne two measures (2.4) and (2.5) of how the asymptotic density of the

signed likelihood ratio departs from the standard normal; and we obtain asymptotic expres-

sions for the two measures. Then in Sections 3 to 5, we develop the bridging formulas and

methods.

2 Background: Departures from Standard Normality

Consider �rst the case of an asymptotic model with scalar variable and scalar parameter.

Many properties for the more general context can be derived from this case. In this section

we record needed properties of the asymptotic model; the bridging formulas are then derived

in Section 3.

We assume the model f(y; �) leads to a log density `(�; y) = log f(y; �) that has the

usual asymptotic properties, such as `(�;Y ) = Op(n), var f`0(�;Y )g = O(n) and so on. For

testing a value �, the needed likelihood quantity q is intrinsically based on a locally de�ned

reparameterization,

'(�; y0) =
@

@y
`(�; y)

��
y0

= `;y(�; y0) ; (2:1)

which gives the canonical parameter of the tangent exponential model at the data point

y
0 of interest (Fraser, 1990). This is then used to form the maximum likelihood departure

measure

q(�; y) = ('̂� ')|̂1=2''

= f`;y(�̂; y)� `;y(�; y)g|̂1=2�� `
�1
�;y(�̂; y)

(2:2)

where |̂�� = �`00(�̂; y) is the observed information and `�;y = @
2
`(�; y)=@�@y = @'=@�

evaluated at the maximum likelihood value �̂(y) adjusts the information from the � scale to

the ' scale. The likelihood based third order approximation to the density of the likelihood

root r(�; y) is then given as

exp(k=n)�(r)(r=q) dr (2:3)

where k=n is a constant to third order. This can be obtained by change of variable from y

to r starting from the p� formula (Barndor�-Nielsen, 1983) or starting from the saddlepoint

approximation to the tangent exponential model (Fraser & Reid, 1995, 2000).

We examine how the third order likelihood based distribution for r di�ers from the

nominal standard normal of �rst order theory and we can do this using either the density

function (2.3) or the distribution function (1.1).
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In terms of its functional form the expression (2.3) has the factor r=q attached to the

basic standard density �(r). The factor r=q is greater (or less) than 1 according as the tail

of the density for r is thicker (or thinner) than that of the standard normal. As a measure

of departure from standard normal we can examine how r=q exceeds 1 taken relative to r,

or we can examine how the distribution function (1.1) falls short of the nominal �(r) as

taken relative to the density �(r). In either case, we obtain

d1(r) =
1

r

�
r

q
� 1

�
=

�(r) ��LR(r; q)

�(r)
=

1

q
�

1

r
: (2:4)

For an alternative measure we examine the argument of the second distribution function

approximation (1.1); the argument is usually recorded as r�. We consider how it falls short

of the nominal normal deviate r:

d2(r) = r � r
� = r

�1 log(r=q) : (2:5)

Now consider the asymptotic form of these departure measures as a means to bridge the

singularity at the maximum likelihood point. Taylor series expansion methods were used

in Cakmak et al (1998) to determine the local form of a statistical model for a �xed data

point, say y0. These results are used in Appendix A to give asymptotic expressions for d1
and d2 for �xed data y = y

0 and varying �:

d1 = �
�3

6n1=2
+
�4 � �

2
3

24n
r ;

d2 = �
�3

6n1=2
+

3�4 � 4�23
72n

r :

(2:6)

For this �3 and �4 are standardized third and fourth derivatives of the log density `(';x)

with respect to ' at f'(�̂0); x0g and ' = '(�) and x = x(y) are local reexpressions of � and

y that are used to record the tangent exponential model approximation at the data point y0.

Explicit expressions for '(�) and x(y) are recorded in Andrews, Fraser, and Wong (2002).

In a parallel way Abebe et al (1995) determined the local form of the model relative

to a particular parameter value, say �0. This is used in Appendix A to derive asymptotic

expressions for d1 and d2 for �xed �0 = � and varying y:

d1 = �
a3

6n1=2
�

3a4 + 4a23 + 6c

24n
r

d2 = �
a3

6n1=2
�

9a4 + 13a23 + 18c

72n
r :

(2:7)

The a3 and a4 are standardized third and fourth derivatives of `(';x) with respect to x at

f'(�0); x̂(�0)g where x̂(�0) is the maximum density point for �0, and ' = '(�) and x = x(y)
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are the local reexpressions of � and y that are used to record the tangent exponential model

for �xed parameter value �0; the constant c is a measure of nonexponentiality and is given

as @4`=@'2@x2 evaluated at f'(�0); x̂(�0)g.
If �0 = �̂(y0) or if y0 = ŷ(�0) then the expansion coeÆcients are linked by the norming

property which gives a3 = �3 +O(n�1), a4 = �4� 3�23� 6c+O(n�1=2). This does not give

equality of (2.6) and (2.7) as the two versions describe dependence on r for �xed value of y

and for �xed value of � respectively. The expressions for the di are accurate to O(n�3=2).

Some clarity on the roles for the two versions (2.6) and (2.7) arises by noting that r and

q are functions of y and � for a moderate deviations range from some initial y0 or �0 of

interest. Along the curve C = f(�; y) : � = �̂(y)g we have r = q = 0, and to �rst derivative

we have r = q. The departure measures are then describing how r and q di�er beyond the

�rst derivative. We could have started with a point (�0; y0) and some particular value for

r = r(�0; y0) and then used (2.6) to examine change in r for �xed y0 or used (2.7) to examine

change in r for �xed �0. For this we note that the �3, �4 would be values determined on C

with the particular y0, and a3, a4, c would be values determined on C with the particular

�0. The details for this may be found in Li (2001).

Example 2.1. Cauchy location model.

Consider the location Cauchy f(y � �) = �
�1
�

(1 + (y � �)2
	�1

with n = 1. For this we

have �̂ = y and

r = sgn(y � �)[2 logf1 + (y � �)2g]1=2 ;

q =
p

2(y � �)=f1 + (y � �)2g :

The exponential parameter can be standardized, ' =
p

2�=(1 + �
2), giving

`(') = �
'
2

2
�

3

8
'
4
;

from which we obtain �3 = 0, �4 = 9, and thus d1 = d2 = 3
8
r; note that ' is redescending

but this anomaly seems not to bother the calculation of p-values for this extreme application

of likelihood theory (Fraser, 1990) with n = 1. The lack of skewness in the model leads to

the equality of the two departure measure.

More generally when the parameter � is a scalar but the observable variable has dimen-

sion n, we de�ne a vector v by

v = �z�1y0 z;�
��
(y0;�̂0)

(2:8)

where z = z(y; �) is an n � 1 vector of natural pivotal quantities. As shown in Fraser

& Reid (1995), this vector can be used to de�ne a canonical parametrization ' for the

original model; then de�ning q as the standardized maximum likelihood departure in this

parametrization ensures that the expressions in (1.1) are third order approximations to the

p-value conditional on an approximately ancillary statistic. The dimension reduction from

n to 1 is achieved by conditioning on an approximate ancillary statistic, but this ancillary
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is not explicitly needed, just the gradient of ` in the directions (2.8) of the ancillary at the

data point.

Using v, the reparameterization ' in (2.1) is generalized to

'(�; y0) =
d

dv
`(�; y)

��
y0

= `;y0(�; y
0)v ; (2:9)

and the generalized version of q becomes

q(�; y) = f`;v(�̂; y)� `;v(�; y)g|̂1=2�� `
�1
�;v(�̂; y): (2:10)

In this more general context the expressions (2.6) for the departure measures remain

available, but the versions (2.7) for varying data point are typically not accessible as they

would need model information along the contour of the observed approximate ancillary.

3 Bridging the Singularity: Without Nuisance Param-

eter

The measures of departure developed in the preceding section provide a simple and direct

means for bridging the maximum likelihood singularity in the p-value formulas. >From (2.4),

(2.5) and (1.1) we obtain

p1(�) = �(r)� d1�(r) = �(r) +

�
�3

6n1=2
�
�4 � �

2
3

24n
r

�
�(r) ; (3:1)

p2(�) = �(r � d2) = �

�
r +

�3

6n1=2
�

3�4 � 4�23
72n

r

�
: (3:2)

These can be viewed as Bartlett type corrections to the likelihood ratio but are derived

from observed likelihood. At the maximum likelihood value where r = 0, we have that (3.1)

reduces to

p1(�) = �(0) +
�3

6n1=2
�(0)

which agrees with Daniels(1987) for the exponential model case, but is now applicable in

wide generality with the extended de�nition of �3.

Example 3.1. Cauchy location model.

Consider the location Cauchy model with data y = 0, as examined in Example 2.1. From

the two bridging formulas we obtain

p1(�) = �(r)�
3

8
r�(r); p2(�) = �

�
5

8
r

�
:

The exact p-value is of course available as

p(�) = :5 + �
�1 tan�1

n
�
�
e
r2=2 � 1

�1=2o
:
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At r = 0 all three are equal to 0:5. At a point close to r = 0 we check numerically: at

r = 0:1 we have

p1 = :524942; p2 = :524918; p = :522499:

The rather small departure of the approximations from the exact is of course due to the

almost impossibly small sample size n = 1 and to the sharp peak at the centre of the Cauchy

model.

For the bridging formulas (3.1) and (3.2) we could have considered a full Taylor series

expansions in r but there are advantages to retaining the �(r) and �(r) which re
ect the

dominant role of the signed likelihood ratio r.

Example 3.2. Consider the simple gamma model on the positive axis,

f(y; �) = ��1(�)y��1e�y ;

and the data point y = 10. The signi�cance function p(�) is plotted in Figure 3.1. Note the

computational irregularities near the maximum likelihood value �̂ = 10:495838; of course,

doubling the precision would limit the domain of irregularity. Simple calculations give

�3 = �0:315901 and �4 = 0:199422 from which we obtain

d2 = 0:0526502 + :00276517r ;

which gives the bridge

pB(�) = �(0:9972348r� 0:0526502) :

The likelihood based p-values �LR(�), �BN(�) are plotted in Figure 3.1 together with the

bridge pB(�) and the exact p(�); the bridge is seen to be superimposed on the exact. A

simple algorithm can choose between the approximation and the bridge.
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Figure 3.1. The gamma model ��1(�)y��1 with y0 = 10. The asymptotic approximations

�LR(�) and �BN(�) for the p-value p(�) for testing � are plotted against �. The bridge pB(�)

at the maximum likelihood is visually identical to the exact p(�).

4 Bridging the Singularity: With Nuisance Parameters

Consider now a continuous statistical model f(y; �) with dimensions n and p for y and �

and let  (�) be a scalar interest parameter with �0 = (�0;  ). Again there is an approximate

ancillary with tangent vectors V = (v1 � � � vp) given as

V = �z�1y0 z;�0
��
(y0;�̂0)

;

where z = z(y; �) is now an n� 1 vector of natural pivotal quantities. The exponential type

parameter is

'
0(�; y0) =

d

dV
`(�; y)

��
y0

= `;y0(�; y
0)V
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and the gradient d=dV gives a row vector of directional derivatives of log likelihood function;

for some discussion and examples see Fraser, Wong & Wu (1999). For testing  (�) =  

using (1.1), the r is given by (1.2) and the q by the following extension (Fraser, Reid & Wu,

1999) of (2.2) and (2.10),

q = sgn( ̂ �  )(�̂� �̂ )
j|̂''j1=2

j|(��)('̂ )j1=2
; (4:1)

where the numerator and denominator determinants are the full and nuisance information

determinants recalibrated on the ' scale and �(') = u
0
 ' is a rotated ' coordinate based

on a unit vector

u =
 '('̂ )

j '('̂ )j

perpendicular to  f�(')g at the constrained maximum likelihood value '̂ .

For bridging the discontinuity at the maximum likelihood value  (�̂) =  ̂, the calcula-

tions are more complex and we temporarily restrict our attention to O(n�1) accuracy. Even

with this the results may not easily be computed and we describe a relatively simple graph-

ical procedure in the next Section 5. Let `(') = `
0f�('); y0g be the observed likelihood

reexpressed in terms of ' and suppose it has been normed and recentered and rescaled so

that '̂0 = 0, `(0) = `'(0) = 0, and `''0 = �I . Then in tensor summation notation we have

`(') = �
1

2
�
ij
'i'j �

1

6n1=2
�
ijk
'i'j'k (4:2)

to second order. Also for convenience we restrict attention to the case with p = 2. For the

scalar interest parameter  f�(')g we suppose that the ' coordinates have been rotated so

that  (') =  ̂ is tangent to '1 = 0 and has been relocated and rescaled so that  = 0,

@ =@'1 = 1, @2 =@'21 = 0 at the maximum likelihood value ' = 0; then  (') = '1 +

a12'1'2=n
1=2 + a22'

2
2=(2n

1=2) where the coeÆcients are second derivatives measuring the

curvature of  (') at ' = 0.

The signed likelihood ratio for testing  can be calculated to the second order giving

r = � �
�
111
 
2

6n1=2
: (4:3)

The maximum likelihood departure (4.1) uses a unit vector u which is the �rst coordinate

vector at  = 0 and locally can change direction by O(n�1=2); the departure �̂� �̂ = � 
to second order based on the cosine of an O(n�1=2) angle. The nuisance information is

|̂(��)(�̂ ) = 1 + �
122
 =n

1=2 � a22 n
1=2

: It follows that

q = � 
�

1�
�
122
 

2n1=2
+
a22 

2n1=2

�
: (4:4)

Combining (4.4) and (4.3) we obtain

q = r

n
1 + (�122 � a22 + �

111
=3)

r

2n1=2

o
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from which it follows that d = �(�111 + 3�122� 3a22)=6n
1=2

: The bridging p-value formula

is then

p( ) = �(r) � d�(r) = �(r � d) (4:5)

to second order.

5 Graphical Bridging of the Singularity

For the case of a scalar full parameter we have seen in Section 2 that the departure measures

(2.4) and (2.5) are linear in r to the third order and thus provide simple third order bridg-

ing, using (3.1) and (3.2). For the more general p-dimensional full parameter  we have

from Section 4 that the departure measures are constant (4.4) to the second order. The

development (Fraser & Reid, 1995, 2000) of the p-value formulas from tangent exponential

model approximations records the p-value as a tail probability obtained from an adjusted

asymptotic density; and Cheah et al (1995) show that such an adjusted density is itself an

asymptotic model. Together these show that the departure measures

d1 = q
�1 � r

�1
; d2 = r

�1 log(r=q) (5:1)

are asymptotically linear in r to the third order under parameter change for �xed data.

This is of course consistent with the familiar location-scale standardization of the signed

likelihood ratio which gives a third order standard normal variable.

Now consider a particular assessment of a parameter  with given data together with

possible instability in the computation with the p-value formulas (1.1). We propose plotting

d1 or d2 against the signed likelihood ratio r. Any instability in the p-value formulas will

show in d1 and d2, as �(r) is typically smooth. Accordingly we recommend �tting a line to

d1 or d2 plotted against r, excluding the middle possibly unstable values. The �tted d1 or

d2 is then used with (3.1) and (3.2) to bridge the singularity.

Example 5.1. Consider the gamma model with mean � and shape parameter �,

f(y;�; �) = ��1(�)

�
�

�

��
y
��1

e
��y=�

;

and with data from Fraser, Reid and Wong (1997). For testing the parameter � we record

the approximations �LR(�) and �BN(�) in Figure 5.1.
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Figure 5.1. For the gamma model with mean � and shape � the p-value approximations

�LR(�) and �BN(�) for testing � are plotted for a sample of 20. The aberrant behavior at

the maximum likelihood value is successfully bridged using (3.2) together with a graphical

d2 determined from Figure 5.2.

Note the aberrant behaviour near the maximum likelihood value �̂
0 = 113:45. For

bridging the �̂0 value we plot d1 and d2 from (5.1) against the likelihood ratio r, in Figure

5.2. The bridging p-value is then obtained using (3.2) together with the straight line join

obtained from Figure 5.2 and is recorded in Figure 5.1.
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Figure 5.2. For the gamma model and data for Figure 5.1, the departure measures d1 and

d2 are plotted against the signed likelihood ratio r and a bridging straight line is obtained

graphically. As d1 and d2 are so close that they overlap in this �gure.
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APPENDIX A

Derivation of (2.6) and (2.7)

In the case that both y and � are scalars we can examine the asymptotic form of the

departure d(r; q) as a function of r and q by expanding the log density `(�; y) = log f(y; �)

about a reference point (�0; y0) in terms of reexpressed deviations for y and for �. A

data-oriented expansion (Cakmak et al, 1998) uses (�0; y0) =
�
�̂(y0); y0

�
and standardizes

with respect to coeÆcients of �2 and �y. If the departures are then reexpressed towards

exponential model form to the third order we obtain the log likelihood at y0 and the log

density at �0 given respectively by

`(�; y0) = �
1

2
�
2 �

�3

6n1=2
�
3 �

�4

24n
�
4
; (A:1)

and

`(�0; y) = a+
k1

n
�

�3

2n1=2
y�

1

2

�
1 +

�4 � 2�23 � 5


2n

�
y
2+

�3

6n1=2
y
3+

�4 � 3�23 � 6


24n
y
4
: (A:2)

The only nonzero mixed derivative terms to third order are y� and 
y2�2=4n. The constant

a = � log(2�)=2. The �3 and �4 are the standardized cumulants of the null density, and 


is a measure of nonexponentiality; these are intrinsic parameters describing shape charac-

teristics of the model. For some recent details see Andrews, Fraser & Wong (2002). From

this an expansion for q in terms of r for �xed y = y0 is obtained

q = r +
�3

6n1=2
r
2 +

5�23 � 3�4

72n
r
3
;

which gives
1

q
=

1

r

�
1�

�3

6n1=2
r +

�4 � �
2
3

24n
r
2

�
:

These results give an expression for the two nonnormality measures with y �xed,

d1 = �
�3

6n1=2
+
�4 � �

2
3

24n
r

d2 = �
�3

6n1=2
+

3�4 � 4�23
72n

r :
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(A:3)

For a parameter-oriented expansion (Abebe et al, 1995) we can use (�0; y0) =
�
�0; ŷ(�0)

�
and standardize with respect to coeÆcients of y2 and y�. If the departures are then reex-

pressed towards exponential form we obtain the log density at �0 and the log likelihood at

y0 given respectively by

a+
k2

n
�

1

2
y
2 +

a3

6n1=2
y
3 +

a4

24n
y
4
; (A:4)

and

�
a3

2n1=2
� �

1

2

�
1 +

a4 + 2a23 + c

2n

�
�
2 �

a
3

6n1=2
�
3 �

a4 + 3a23 + 6c

24n
�
4 (A:5)

together with the mixed derivative terms y� and cy2�2=4n. From this an expansion for q in

terms of r for �xed � = �0 is obtained,

q = r +
a3

6n1=2
r
2 +

9a4 + 14a23 + 18c

72n
r
3
;

which gives

1

q
=

1

r

�
1�

a3

6n1=2
r �

3a4 + 4a23 + 6c

24n
r
2

�
:

These results give an expression for the two nonnormality measures with � held �xed:

d1 = �
a3

6n1=2
�

3a4 + 4a23 + 6c

24n
r

d2 = �
a3

6n1=2
�

9a4 + 13a23 + 18c

72n
r :

(A:6)

The two expressions for d can be interrelated by taking the model (A.1,2) centered at

(�̂0; y0) and reexpressing it in the form (A.4,5). For this we take �0 = �̂
0 which is zero in

(A.2), and obtain ŷ(�0) = �3=2n
1=2 + O(n�1); this then gives a3 = �3, to order O(n�1)

and a4 = �4 � 3�23 � 6c to order O(n�1=2). The constants k1 and k2 check under the

reexpressions. We can then record (A.6) as

d1 = �
�3

6n1=2
�

3�4 � 5�23 � 12


24n
r

d2 = �
�3

6n1=2
�

9�4 � 14�23 � 36


72n
r :

(A:7)

Formulas (A.3) and (A.7) both use standardized likelihood cumulants �3, �4 for a point

(y0; �0) with r = 0; they record the change in d for �xed y0 and for �xed �0 respectively.
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The paper considers the propriety of posteriors for proportional hazards models

with exponential baseline hazards.
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1 Introduction

Recent years have witnessed a surge of interest in the Bayesian analysis of Cox's (1972) proportional

hazards models. A very succinct account of the same is given in Ibrahim, Chen and Sinha (2001).

Although much of the Bayesian literature is devoted to semiparametric inference for these models,

some authors (e.g. Dellaportas and Smith, 1993) have considered fully parametric Bayesian analysis

of the same. In such cases, one common choice is a constant baseline hazard rate (Dellaportas and

Smith, 1993; Ibrahim, Chen and Sinha, 2001) which amounts to an exponential baseline distribution.

Typically, a conjugate gamma prior is assigned to the constant hazard rate. For the regression

vector, on the other hand, an oft recommended prior is either the multivariate normal or uniform

over the appropriate dimensional Euclidean space. While the former always ensures a proper

posterior, the same cannot necessarily be said of the latter when the uniform distributions have

in�nite support. However, use of the latter is not uncommon (e.g. Dellaportas and Smith, 1993;

Ibrahim, Chen and Sinha, 2001). Thus, it is of interest to �nd conditions under which the resulting

posteriors are proper, so that inference based on them becomes meaningful. To our knowledge, this

propriety issue has not been discussed elsewhere, in spite of its importance in Bayesian inference.

The paper addresses this problem in the special case of a simple linear regression, i.e. when the

regression vector is one-dimensional. As stated in the preceding paragraph, the baseline distribution

is assumed to be exponential. We have provided necessary and suÆcient conditions for the propriety

of posteriors in Section 2. Section 3 contains some concluding remarks.




